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Abstract

This contribution is focused on polynomial synthesis of continuous-time control systems with two feedback controllers
and especially on its application to interval plants. Robust stability of designed control loops is investigated through the
graphical method which combines the value set concept with the zero exclusion condition. A third order interval system
is robustly stabilized in the presented simulation example.
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1. Introduction

The control system with two feedback controllers (TFC) is a configuration in which the weight coefficients for
two regulators can be chosen [1-4] and thus it offers more tuning facilities in comparison with standard 1DOF or 2DOF
[5] control structures. Nevertheless, the robustness of the TFC loops under parametric uncertainty has not been studied
in many research works yet.

The main aim of this contribution is to present application of a graphical method of robust stability analysis to
continuous-time closed control loops with TFC and interval plants. The applied control synthesis method is based on
the polynomial approach [1, 2] and solution of Diophantine equations [6]. The following robust stability tests of the
resulting closed-loop characteristic polynomials with affine linear uncertainty structure utilize the combination of the
value set concept and the zero exclusion principle [7]. In the simulation example, a third order interval plant is robustly
stabilized by using TFC structure. The similar ideas as in this work have been already published in the conference paper
[3] and its extended version [4].

2. Synthesis of control system with TFC

The structure of the control loop with TFC C,(s) =q(s)/p(s) and Cg(s)=r(s)/p(s) and controlled plant
G(s) =b(s)/a(s) is shown in Fig. 1. It is adopted from [1, 2] with referred original inspiration in [8].
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Fig. 1. Control system with TFC

For control design, a polynomial method [1, 2], which helps fulfill the basic requirements such stability and
internal properness of the control system, asymptotic tracking of the reference signal and load disturbance rejection, is
utilized.

In brief, a fundamental Diophantine equation which is critical for control design is:

a(s)p(s) +b(s)t(s) =d(s) )

where t(s) =r(s)+q(s). Stability of control loop from Fig. 1 is assured for polynomials p(s) and t(s) obtained as a
solution of the equation (1) with a stable right-hand polynomial d(s). In this paper, both reference w and load
disturbance v are supposed as stepwise signals, i.e. W(s) =w, /s, V(s) =V, /s . Under this presumption, the asymptotic
tracking and load disturbance rejection are fulfilled for the polynomials p(s) =sp(s), G(s)=sq(s) .

The forms of polynomials t(s), r(s) and q(s) are:

=25 1= a0 =Yas” 2

with basic relations among their coefficients [2]:

h=1
I+ :'[i fori=1...,n

®)

The coefficients of the polynomials r(s) and q(s) can be obtained on the basis of calculated polynomial t(s) and
adjustable coefficients »; € (0,1) according to:

=yt fori=1...,n

q=(1-x)t fori=1..,n “)
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Evidently, the coefficients y, represent the weights for numerators of controllers’ transfer functions. The unit
coefficients y, for all i reduce the control system from Fig. 1 to standard 1DOF configuration ( C, (s) = 0). On the other
hand, if y, =0 for all i and moreover reference and load disturbance are stepwise signals, the control loop corresponds
to 2DOF structure [2].

However, above all, the control behaviour can be influenced by choice of right-hand polynomial d(s) in
Diophantine equation (1). In this paper, just the simplest method with multiple real roots will be employed.

The details of the method can be found in [1-4].

3. Robust stability investigation for systems with parametric uncertainty
Systems with parametric uncertainty are assumed to have known fixed structure (order) but their real physical

parameters are known imprecisely. Usually, such parameters are bounded by intervals with minimal and maximal
possible values. Transfer function which describes a plant with parametric uncertainty has a general form:

b(s, q)
a(s,q)

G(s,q) = (5)

where g is a vector of real uncertain parameters defined by some uncertainty bounding set (commonly through L,
norm).
A frequently used representative of systems with parametric uncertainty is the interval plant:

2
G(sba) = Q]
ILE

with mutually independent parameters bounded via their lower and upper limits.
From the robust stability analysis viewpoint, the typical object of interest is the uncertain closed-loop characteristic
polynomial:

PE.0) =X (@) U

where p,(q) are coefficient functions. Then, the related family of closed-loop characteristic polynomials is:
P={p(s,0):q€Q} ®)

The selection of suitable method for robust stability investigation depends primarily on the uncertainty structure.
Mostly, the higher level of relation among coefficients means more complicated testing and thus it usually entails the
necessity of more powerful and more general tools. Nevertheless, a graphical method based on combination of the value
set concept and the zero exclusion condition [7] is very universal and it is applicable for the wide range of uncertainty
structures, including the very complicated ones.

According to [7], the value set at given frequency o [ is:

p(jo,Q)={p(j»,0):qeQ} ©)
Practical construction of the value sets can be done by substituting s for jw, fixing @ €0 and letting q range over Q.
The zero exclusion condition for Hurwitz stability of family of continuous-time polynomials (8) is defined [7]: Suppose
invariant degree of polynomials in the family, pathwise connected uncertainty bounding set Q, continuous coefficient
functions p,(q) for k=0,1,2,...,n and at least one stable member p(s,q°). Then the family P is robustly stable if
and only if:

0¢ p(jo,Q) Vw=0 (10)

The more detailed information can be found in [7] and subsequently e.g. in [9].
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4. lllustrative example

Consider a third order interval plant [5]:

2 7;1.3]s? 1 7L
Glsb.a)= ass?isa;?f ;:: a, - [0.7;1.2?531+:[3(]).S7;I.£(])52,+ F(])S;l[g] s,+ Fg.7;1.3] (1)
The transfer function of the nominal system with fixed mean values of the uncertain parameters is:
Gu(9= 5t (12)
and so the Diophantine equation (1) has the form:
(s°+5 +5+1)s(p,s* + pys+ Py ) +(5” +5+1)(1,8° +1,8” +t,5+1, ) =(s+m)’ (13)

which means that the case with multiple real roots is supposed. These multiple roots are selected as -1, i.e. m=1.
Moreover, the weight coefficients from (4) are assumed y, =y, = y, = 0.8 which leads to the TFC:

s°+1.8s+1
Co(s) = — (14)
4s® +7.28° +4s+1
The corresponding family of closed-loop characteristic polynomials with parameters from (11) is:
Pe. (s.b,8) =a,8° +(a, +5b,)s® +(a, +9b, +5b,)s* +(a, +5b, +9b, +5b; )s° +--- 16)

+(b, +5b, +9b;,)s® + (b, +5b, )s+b,

The Fig. 2 shows the value sets of the family (16) for the frequency range from 0 to 5 with the step 0.01. The zoomed
version of the same plot, which provides the closer look to the neighborhood of the complex plane origin, is depicted in
Fig. 3. It can be clearly seen that the origin of the complex plane (zero point) is excluded from the value sets. Moreover,
the family contains a stable member. Consequently, the family of closed-loop characteristic polynomials (16) is robustly
stable.
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Fig. 2. Value sets for family of closed-loop characteristic polynomials (16) — full view
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Fig. 3. Value sets for family of closed-loop characteristic polynomials (16) — zoomed view

The control simulations from Fig. 4 concur with the obtained result and also visually confirm robust stability of
the designed circuit with TFC. More specifically, the Fig. 4 depicts the simulations of the output signals of 128
“sampled plants” from the interval family (11). For all seven interval parameters minimal and maximal values are taken
and thus it leads to 2" =128 systems for simulation. Besides, the red curve represents the output signal of the nominal
plant (12). Furthermore, it was assumed the stepwise reference signal changing from 1 to 2 in one third of the
simulation time and the step load disturbance -1 affecting the input to the controlled plant during the last third of
simulation.
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Fig. 4. Control of “sampled plants” from interval family (11) by TFC (14) and (15)
5. Conclusion

The contribution has been aimed to robust stability analysis of control loops with TFC and interval plants through
visualization of the value sets and application of the zero exclusion condition. The TFC design itself is based on the
polynomial method. In the illustrative example, a third order interval plant has been robustly stabilized by using TFC
structure. The selection of weight coefficients would have no impact on the robust stability or instability of the control
loop because the polynomial t(s) would remain the same. It could influence “only” the control performance.
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