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ABSTRACT

Numerical methods are essential for solving differential equations in applications such as water drainage systems, where precise
water level control is critical for industrial and environmental processes. This study compares one-step numerical methods naming
explicit Euler, implicit Euler, implicit midpoint, modified Euler, and fourth-order Runge-Kutta (RK4) with multi-step numerical
methods, including Adams-Bashforth, Adams-Moulton, and Predictor-corrector schemes, to solve ordinary differential equations
for water tank drainage systems. The analysis focuses on accuracy, stability, computational efficiency, and optimal step size selec-
tion. MATLAB scripts and Python (Google Colab) were used to evaluate each method’s performance by calculating local and
global errors, with detailed analyses of error versus step size, error versus computational effort, and computational effort versus
step size. The results reveal that multi-step numerical methods provide superior accuracy and stability for long-term simulations
but require greater memory resources, whereas one-step numerical methods are computationally faster but sensitive to step size
selection, significantly influencing solution accuracy. This study offers practical recommendations for selecting numerical meth-
ods based on application-specific requirements, providing insights into optimizing numerical approaches for systems requiring
precise water level control and balancing accuracy with computational efficiency.

1 | Introduction infrastructure, numerical methods play a crucial role in design-

ing efficient systems, such as stormwater management networks,

Numerical methods are essential mathematical tools used to
solve complex nonlinear systems that are difficult to address ana-
lytically. These methods are widely applied across various disci-
plines, particularly in engineering, where they are indispensable
for analyzing fluid flow dynamics and solving related problems
[1, 2]. Additionally, in engineering fields such as civil engineer-
ing, industrial systems, environmental management, and urban

wastewater treatment plants, and industrial reservoirs. Proper
water drainage design is vital for resource management and risk
mitigation [1, 2].

With the advent of more affordable and efficient computer
resources, numerical methods have become increasingly practi-
cal and widely adopted. The demand for accurate computational
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techniques is high, making numerical methods indispensable
tools for solving complex problems across various fields. One sig-
nificant area where numerical methods are applied is the drain-
ing process of water tanks, which involves nonlinear dynamics
requiring advanced computational techniques. Accurate mod-
eling of water drainage enables the prediction of flow pat-
terns, optimization of tank geometry and outlet configurations,
and the management of transient and steady-state conditions
[3, 4]. Moreover, the increasing affordability of computational
resources has made numerical solutions more practical, allow-
ing researchers and engineers to explore the complexities of these
problems in greater detail [5].

Numerical methods are indispensable for solving the ordi-
nary differential equations (ODEs) that govern the dynamics of
fluid systems. These systems often exhibit complex, nonlinear
behavior, requiring sophisticated computational techniques for
accurate modeling and simulation. Furthermore, as computa-
tional power continues to increase, these methods are becom-
ing increasingly important in applications such as predicting the
behavior of stormwater systems, optimizing water tank drainage
processes, and simulating other fluid systems [6, 7].

In the context of water tank drainage, the ODEs governing the
system describe the rate of change of the water level in the tank,
which depends on factors such as tank geometry, outlet size, and
fluid properties. Numerical solutions are needed to model these
dynamics accurately and efficiently. Additionally, the choice of
numerical method is crucial for ensuring the reliability and accu-
racy of these simulations. For instance, while one-step methods
are often simple and efficient, multi-step methods may offer bet-
ter stability and accuracy for long-term simulations of water tank
drainage [8, 9].

The solution of ODEs in fluid dynamics and water drainage prob-
lems typically involves two primary classes of methods: one-step
methods and multi-step methods [8, 10, 11]. One-step methods,
such as Euler’s method and Runge-Kutta methods, solve the ODE
using information from the current time step only [7]. On the
other hand, multi-step methods, such as the Adams-Bashforth
and Adams-Moulton methods, utilize information from multiple
previous time steps to achieve more accurate solutions [6].

One of the simplest numerical methods, Euler’s method, is
widely used for solving first-order ODEs due to its simplic-
ity and ease of implementation. However, Euler’s method suf-
fers from accuracy limitations, especially when dealing with
stiff equations or long-term integration [7-12]. For these rea-
sons, more sophisticated methods, such as the Runge-Kutta (RK)
methods, were introduced to improve the accuracy and stabil-
ity of the Euler method. The fourth-order Runge Kutta (RK4)
method, in particular, strikes a balance between computational
efficiency and accuracy, making it widely used in fluid dynamics
simulations [1, 13].

The RK4 method has been shown to be highly effective for solving
nonlinear differential equations, particularly in fluid flow prob-
lems [13]. However, while these methods offer improved accu-
racy over Euler’s method, they still face challenges in terms of
stability, especially when modeling stiff equations or performing
long-term simulations [7]. Therefore, one-step methods are often

insufficient for more complex and stiff problems encountered in
fluid dynamics.

Multi-step methods, such as the Adams-Bashforth explicit meth-
ods and the Adams-Moulton implicit methods, use information
from previous time steps to generate more accurate solutions.
These methods are especially advantageous for stiff equations
and long-term integrations, where one-step methods may fail
to provide accurate or stable solutions [6, 14]. Moreover, the
combination of explicit and implicit methods, such as the
predictor-corrector approach, exploits the strengths of both meth-
ods [6]. This combined approach has been shown to provide
an effective balance between accuracy and computational effi-
ciency, making it well-suited for large-scale simulations of fluid
systems [14, 15].

Although one-step methods, such as the Euler and RK4 methods,
are often preferred for their simplicity and versatility, multi-step
methods are favored for their superior accuracy and stability,
especially in long-term simulations and stiff problems. A com-
prehensive comparison of these methods in the context of water
tank drainage is essential to understand their strengths and weak-
nesses under different conditions [16].

In previous works, studies such as [17] and [18] have compared
various Runge-Kutta methods, including explicit and implicit
approaches, for solving ODEs. While these studies have empha-
sized the superior accuracy of multi-step methods, a gap per-
sists in comparing one-step and multi-step methods, particu-
larly regarding the relationships between error and computa-
tional effort, error and step size, and computational effort and
step size, specifically in the context of water tank drainage prob-
lems. Additionally, the interplay between method selection, com-
putational effort, and accuracy in real-world applications remains
insufficiently explored. This study aims to fill a critical gap in
the existing literature by conducting a comparative analysis of
one-step and multi-step methods for solving the ODEs govern-
ing water tank drainage. Moreover, the research will focus on
evaluating key metrics, such as accuracy, stability, and computa-
tional efficiency, providing practical recommendations for select-
ing appropriate numerical techniques for similar engineering
applications.

The motivation for this study stems from the need for accurate,
efficient, and reliable numerical methods to model and simulate
physical systems, particularly water tank drainage systems. These
systems are prevalent in various real-world applications, such as
water resource management, urban drainage systems, and indus-
trial fluid processes, where precise predictions of water levels and
flow rates are crucial for optimal operation and decision-making.

Furthermore, by comparing one-step and multi-step methods,
this research aims to provide insights into the strengths and lim-
itations of each approach, thereby guiding engineers and scien-
tists in selecting the most suitable method for their specific prob-
lems. Additionally, understanding the trade-offs between stabil-
ity, computational efficiency, and accuracy is essential for advanc-
ing the development of robust algorithms applicable to a wide
range of engineering and scientific fields.
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This study aims to implement numerical solutions for water
drainage problems using one-step and multi-step methods.
It evaluates their accuracy, stability, and computational effi-
ciency, focusing on the relationships between error, compu-
tational effort, and step size. Additionally, it identifies each
method’s strengths and limitations and offers recommendations
for selecting suitable numerical techniques for similar engineer-
ing applications.

This article contributes to the existing literature by offering a
comprehensive comparative analysis of one-step and multi-step
methods for solving the ODEs governing water tank drainage.
Furthermore, the findings emphasize the necessity of balanc-
ing accuracy, stability, and computational efficiency in numeri-
cal simulations, providing a robust framework to help engineers
and researchers optimize numerical techniques for real-world
applications.

The article is structured as follows: Section 2 covers the method-
ology and details the mathematical modeling of the drainage
process. Section 3 presents the algorithmic implementation of
numerical methods and results analysis. Section 4 discusses and
compares the methods, highlighting their strengths and weak-
nesses. Section 5 concludes with key insights, practical implica-
tions, and future research directions. The final section lists the
references, providing a comprehensive bibliography.

2 | Methodology

The methodology used to solve the ODEs governing the water
tank drainage system involves MATLAB simulations and the
implementation of various numerical methods using MATLAB
scripts, Python Google Colab and run algorithms for each
method, varying the step sizes to analyze their impact on accu-
racy and analyze stability region of each method. The method-
ology involves selecting appropriate numerical solutions, formu-
lating and simulating a mathematical model, implementing suit-
able numerical methods and performing a comparative analy-
sis based on performance metrics. The subsequent subsections
explain each step of the methodology in detail.

21 | Numerical Methods
The study involves several steps conducted to solve the ODEs
using numerical methods, including:

I. Formulate the ODE for the water drainage process and sim-
ulate it in MATLAB Simulink.

II. Determine the time required for the complete drainage of
the tank, which helps to obtain the final time in our numer-
ical algorithm.

III. Numerically solve the differential equation using the fol-
lowing methods:

a. One-step methods: one-step numerical methods are a
class of techniques that use the solution from the cur-
rent step to compute the solution for the next step. These
include:

i. Euler’s methods: explicit (forward), implicit (back-
ward), implicit midpoint, and modified Euler’s
(Second-order Runge-Kutta (RK2)).

ii. Fourth-order Runge-Kutta (RK4) methods.

b. Multi-step methods: multi-step numerical methods are
aclass of techniques that use information from multiple
previous steps to compute the next step. These include:

i. Adams-Bashforth explicit methods/open formulas
methods (2nd-5th order).
ii. Adams-Moulton implicit/closed formulas methods
(2nd-5th order).
iii. Predictor-corrector methods.

The water tank draining process was mathematically modeled
and simulated using MATLAB Simulink. The numerical solu-
tions for each method were derived and discussed in detail in
separate Section 3. This includes a concise overview of the meth-
ods used to address the water tank draining problem.

2.2 | Mathematical Model of Drainage Systems
for Water Tanks

Mathematical modeling is a fundamental tool used to describe,
analyze, and simulate drainage systems, including the drainage
of water tanks. Using mathematical equations, engineers can
simulate water level behavior, predict drainage rates, estimate
draining times, and optimize system parameters as needed [19,
20]. This modeling is particularly crucial in scenarios where
precise water level control is essential, such as in chemical
processing operations, bottling industries, and water tanks and
reservoirs [21].

In scenarios where precise water level control is vital, such as
in liquid reservoirs, wastewater treatment plants, bottling indus-
tries, and industrial tanks, mathematical models are pivotal for
predicting water level dynamics to prevent overflow or depletion
risks [19, 20].

The following outlines presents an explanation of the mathemat-
ical model for the water tank drainage system and the problem
formulation, as depicted in Figure 1.

Before formulating the mathematical equations for the water
tank drainage problem, several assumptions are considered to
simplify the modeling process:

Assumptions:

a. Constant cross-sectional area: assume that the tank main-
tains a consistent cross-sectional area which simplifies vol-
ume calculations based on the water’s height

b. Uniform flow: assume a uniform flow rate of water exiting
the tank simplifies the modeling of the outflow.

c. Negligible friction and turbulence: assuming negligible fric-
tion and turbulence aids in mass balance calculations.

d. Steady-state conditions: assume a steady-state conditions
that the drainage process stabilizes, which simplifying dif-
ferential equations.
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FIGURE1 | Water tank drainage problem formulation.

e. Constant gravitational acceleration: assuming constant
gravitational acceleration is valid for small heights.

f. Cylindrical tank with water stored inside: the inlet volumet-
ric flow rate is assumed to be zero.

g. Constant atmospheric conditions: assuming constant atmo-
spheric conditions simplifies mathematical equations.

h. Constant liquid density: assuming constant liquid density
eases the analysis and solution of differential equations.

These assumptions simplify the mathematical modeling process
for water draining from a tank [21, 22].

Input:

- @, = 0 [m3/s]: The inlet volumetric flow rate is assumed to
be zero.

States:

— h(t): Water level in [m]
Output:

— h(t): Water level in [m]
Mass Balance:

Input flow rate = Output flow rate + Liquid accumulation in
the tank.

dv
Gin = dout + W
Gin =0
v
out = _E

Unit Balance: [m®/s] = [m?/s] Therefore, the units are
compatible.

The Torricelli equation describes the speed of a liquid flowing out
of a tank under gravity:

Gout = Ahv
The water speed at outflow is v = 1/2gh
out = Ah Vv 2gh

and Volume V = A, h, when differentiating dV = A, dh, and
Area of Cylinder A,, = 7 D?/4, Area of bottom hole A;, = zd? /4.

A,dh
Ap\2gh = — T
2
b L) e

where h*® represents the initial water level, Equation (1)
describes a nonlinear first-order system with lumped parameters,
continuous-time, deterministic, and time-invariant characteris-
tics. The time required to drain the tank (in seconds) and the
water height at a given time 7 (for assessing the remaining water
volume) are interrelated by:

[ = [ () v a

h(t)=<\/h_0‘\/§(%>2">2 @

Equation (2) is solved analytically for comparison in numeri-
cal analysis. The dynamic nature of the water height during the
draining process requires precise modeling to determine the time
needed to drain the tank (7,,4) when the water level reaches zero

(h(tend)zo)'
2
2
°=<\/’“_o—\/§(%) ")

D\?2 2h,
lenda=\7) "\ — 3
=(3) V> ®)
2.3 | Process Variable Constraints and Model
Validity

The height of the liquid in the tank cannot be negative due to the
presence of terms under the square root in the model, as well as
physical constraints [23]. Additionally, the height cannot exceed
the tank’s maximum height, H. Therefore, the model is valid only
within the following limits:

0<h<H
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2.4 | Selection of Initial/Boundary Conditions
and Operating Points for Simulation

The initial water height is 4, = 8 m, and the inflow rate is ¢;, =
0 m?/s. The selected model specifications are outlined in Table 1.

TABLE1 | Water tank parameters.

Symbol Definition Value
D Diameter of the tank 2m

d Diameter of the small hole at the bottom 0.2m
hy Initial water level 8m

g Acceleration due to gravity 9.81 m/s?

CF—> Vu

Ho =initial water level

FIGURE2 | MATLAB simulation model.

Substituting the parameters into Equation (3) and implementing
the MATLAB Simulink model as shown in Figure 2, we obtained
an analytical result of .,y = 127.7s, as depicted in Figure 3. From
graph, the water in the tank drains after 127.7 s. This elapsed time
is used in numerical analysis and solutions as the ending time to
evaluate numerical efficiency.

2.5 | Performance Metrics

The performance of each numerical method is assessed based on
the following metrics:

« Accuracy: measured by the global and local errors in the
numerical solution for both constant and varying step sizes.

w
T

Water Level [m]
w R

0 1 1 1
0 20 40 60

80 100 120 140

Time [sec]

FIGURE3 | MATLAB simulation result.
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« Stability: evaluated by the method’s ability to produce
bounded solutions.

« Computation effort: the time required to complete the simu-
lation for a given step size.

2.6 | Calculation of Error, Computational
Effort, and Step Size
2.6.1 | Error Calculation

The error is used to measure the difference between the approxi-
mate numerical solution and the exact analytical solution at the
end of the simulation interval. Both global and local errors are
computed. The global error aggregates the differences over the
entire solution interval, whereas the local error examines the
accuracy at each individual step. The error is computed using the
L,-norm of the error vector, which sums the squared differences
at each time step:

N
2
Error (LZ-IIOI'III) = \ (yexact,i - yapprox,i) (4)
=1

i

where yey, . ; represents the exact analytical solution at time step £,
and y,pprox; represents the numerical approximation at the same
time step. This scalar value is used to compare the accuracy of
different numerical methods across varying step sizes or com-
putational efforts. Additionally, error versus step size, error ver-
sus computational effort, and computational effort versus step
size analyses are performed to evaluate the performance of each
method in different contexts.

2.6.2 | Computational Effort Calculation

Computational effort is determined by the total number of func-
tion evaluations required by a numerical method to complete the
simulation.

The number of function evaluations required per time step varies
across numerical methods. Explicit Euler and implicit Euler
involve a single function evaluation per step. The implicit mid-
point method requires two evaluations—one for approximat-
ing the midpoint and another for updating the solution. Simi-
larly, the modified Euler or second-order Runge-Kutta method
also needs two evaluations per step. In contrast, the fourth-order
Runge-Kutta method involves four function evaluations per step,
making it more computationally intensive.

For multi-step methods, the explicit Adams-Bashforth methods
require a number of function evaluations equal to their order
(e.g., two evaluations for second-order, and so on for higher
orders). Implicit Adams-Moulton methods, however, require
solving implicit equations iteratively in addition to their func-
tion evaluations, which also correspond to their order (e.g., two
evaluations for second-order, three for third-order, etc.). These
iterative solutions incorporate both previous and current values,
increasing computational complexity. The computational effort
is calculated as:

b—a

h

Effort =n - 5)

where n, is the number of function evaluations per step, b —
a is the total integration interval, and & is the step size. This
equation reflects the total work required to integrate the solution
over the given interval. Detailed analyses of computational effort
versus step size and error versus computational effort are per-
formed to assess the trade-offs between computational cost and
accuracy.

2.6.3 | Step Size Calculation

The step size h represents the interval between consecutive time
points in the simulation, defining how finely the time domain is
discretized. For a simulation spanning from a to b with N total
steps:

h= (6)

These calculations and their graphical representations provide
critical insights into the performance trade-offs between numer-
ical methods and their suitability for different accuracy and effi-
ciency requirements.

2.7 | Comparative Analysis

2.71 | Accuracy and Error Evaluation

The accuracy of each method is assessed by comparing the
numerical results with the exact solution of the water drainage
problem. Both local and global errors are computed to evaluate
how the methods perform with varying step sizes. The analy-
sis examines how the error decreases as the step size decreases
and explores the trade-offs between error reduction and compu-
tational effort.

2.7.2 | Error Versus Computational Effort

This is quantified by evaluating the number of function eval-
uations and the time required by each method to achieve the
desired accuracy. The computational cost is compared with the
resulting error, providing insight into the efficiency of each
method.

2.7.3 | Error Versus Step Size

The relationship between error and step size is explored to under-
stand how decreasing the step size improves accuracy and how it
impacts computational effort.

2.7.4 | Efficiency and Practical Application

The practical aspects of each method are considered, including
the ease of implementation, flexibility in adjusting step sizes,
and the overall programming effort required. The findings from
the above comparison assist in selecting numerical methods for
solving similar ODE problems, highlighting the importance of
step size and the balance between accuracy and computational
efficiency.
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2.8 | Limitations of the Study

The study is limited by simplified assumptions, such as neglect-
ing viscosity, turbulence, and temperature effects, which stream-
line the model but reduce its applicability to real-world scenarios
where these factors significantly impact fluid dynamics. Addi-
tionally, the lack of experimental validation poses a limitation,
as numerical simulations alone cannot confirm the accuracy of
the results. Real-world data from water drainage systems would
enhance the reliability of the models and ensure alignment with
practical observations.

3 | Numerical Algorithm Implementation
and Result Analysis

In this section, we explore numerical analysis techniques, encom-
passing various one-step methods such as explicit Euler, implicit
Euler, implicit midpoint Euler, modified Euler or RK2, and RK4.
We also explore multistep methods such as Adams-Bashforth
explicit (2nd-5th order), Adams-Moulton implicit (2nd-5th
order), and predictor-corrector methods.

3.1 | Draining a Water Tank Using Euler
Methods

Four types of Euler’s methods are explored: explicit (or for-
ward), implicit (or backward), implicit midpoint, and modified
Euler’s method. The objective is to identify the most suitable
method for further comparison in the context of water drainage
problem-solving techniques.

3.1.1 | Explicit (or Forward) Method

This single-step numerical method can be obtained from the Tay-
lor series expansion of the solution y(¢) [24]. The general form for
solving a first-order ODE is given by:

dy 1 d?y
yn+1=yn+ . (ln+1_tn)+iﬁ

2
y (tpor = 1)> + ...
IR

(oY)

where y, is the solution at time 7,; % = f(t,y) is the first-order
derivative of y with respect to t; h=(t,,,; —1,) is the step
size. Substituting the expression for the first-order derivative,

we get:

1 d%y

2
+EF (tn+1_tn) + ...

(GN)]

yn+l = yn + f(tn’ yn)(tn+1 - tn)

Neglecting the higher-order terms, we can write the one-step
numerical method as:

Y1 =V t h- f(tn’yn)+(9(h2)

Here, O(h?) represents the truncation error, which arises from a
single step of the algorithm and is of second order in the step size
h. Finally, y,,, denotes the solution at the next step. This notation
is consistently used throughout the article.

This one-step numerical method is first-order accurate, as the
global truncation error is proportional to A%. The method’s sim-
plicity and computational efficiency make it a popular choice
for solving first-order ODEs, particularly in real-time appli-
cations and problems with tight computational constraints.
In numerical methods, two types of errors are commonly
encountered:

Local truncation error: this error arises from a single step of
the algorithm and represents the dis-
crepancy introduced at each step.

Global truncation error: this error accumulates over multiple
iterations of the algorithm, reflect-
ing the difference between the true
solution and the numerical solution
across the entire domain of interest.

Typically, if the local error is of order O(h"*!), the global error
is of order O(h"), where n represents the order of the truncated
Taylor series expansion. To illustrate, in Euler’s method, the
local error increases proportionally with the square of the step
size [18].

Local Error = O(h?)

When the errors from individual intervals are summed, with n =
L represents the number of intervals and L the total length, — 7,
then the global error is

Global Error = @(hZ)% = O(h)

In this article, both local and global errors can be calculated as
follows: The local error is typically calculated as follows:

Local Error = |y(t) — y(t,)| (7)

To calculate the global error, one considers the accumulation of
errors over the course of the computation. Calculating the global
error involves summing up or integrating the local errors over the
entire range of the solution. For this specific water drainage sys-
tem, the L, method is used. The global error using the L, norm
is calculated using the formula:

N
Global Error = % ;(Local Error)? (8)

where N represents the total number of data points. From
Equation (1):

2
Byt =ren==V2(5) V5 ©
Equation (9) is the primary ODE that needs to be solved through-
out this article. The explicit Euler method requires only a single
starting value, which serves as the initial condition of the depen-
dent variable, such as the initial water level h,. For this specific
implementation, no iterations are required to compute the solu-
tion at each step. It requires evaluating function f once per step.
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3.1.2 | Stability Region of Explicit Euler’s Method

The stability of this method is analyzed using the equation is
Vus1 = Yo + Af(t,,¥,). By substituting a test function and per-
forming algebraic manipulation, the stability function, expressed
as R(z) = 1+ z, indicating stability when |1 + z| < lasy,,; — 0.

3.1.3 | Implicit (Backward) Euler Method

Starting with the Taylor series, we have

dy 1 d%y 5
= + — h+ = — h™+ ...
D= I T 20 dr

V)

Truncating the terms up to the first order, we get the implicit
Euler method formula:

yn+1 =V + hf(tn+l’ yn+1) + O(hz)

To solve the unknown y,,,, the following iterative procedure is
used:

1. Compute the initial guess for y,,,, typically using the
explicit Euler method:

ky=f(,.y,) (10)
Vsl = Vu + h ki + O(h?) (11)

2. Refine the solution using the implicit Euler method:
Yup1 = Yo+ hf (11 ¥, + B - ky) + O(h?) (12)

This iterative process continues until the desired level of
convergence is achieved. The implicit Euler method has the

Explicit Euler Stability Region

Im(z)

_2-

-3 T T

=3 =g =1 0 1 2 3

Re(z)

FIGURE4 | Euler’s stability region.

following properties: Local error: @(h?) and Global error:
O(h) The explanation for the explicit Euler method is also
applicable here, with the distinction that this algorithm is
implicit. The implicit Euler method, similar to the explicit
Euler method, requires only a single starting value, which
serves as the initial condition of the dependent variable,
such as the initial water level h,. However, unlike the
explicit Euler method, it necessitates iterations to compute
the solution at each step in this implementation. Addition-
ally, it involves evaluating the function f twice per step.

3.1.4 | Stability Region of the Implicit Euler Method
The stability region of this method is analyzed using
Equation (12). By substituting a test function and perform-
ing algebraic manipulation, the stability function R(z) for the
implicit Euler method is derived, where z = Ah and 4 represents
the eigenvalue of the linearized ODE y’ = Ay [25]. This stability
function is expressed as R(z) = ﬁ, indicating stability when
[1-z|>1asy,,, — 0.

Figure 4 illustrates the absolute stability regions of both the
explicit and implicit Euler methods. Shaded areas denote sta-
bility, whereas unshaded areas indicate instability. The explicit
Euler method exhibits conditional stability, meaning it can be
stable for certain step sizes and unstable for others. In contrast,
the stability region of the implicit Euler method encompasses the
entire complex plane except for the unshaded region. The stabil-
ity region of a numerical method has significant implications for
its physical meaning and its impact on the solution of differen-
tial equations. It defines the range of step sizes and system char-
acteristics (via eigenvalues of the system matrix) for which the
method produces stable and accurate solutions. For the explicit
Euler method, the stability region is a small circle centered at
z = —1 in the complex plane. Physically, this indicates that the

Implicit Euler Stability Region

-2

Re(z)
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method is conditionally stable, it can only provide reliable solu-
tions for systems where the eigenvalues, scaled by the step size A,
lie within this small region. Consequently, for problems involv-
ing fast dynamics or stiffness, where the eigenvalues are often
far outside this region, explicit Euler becomes unstable unless
an extremely small step size is used. This limitation makes it
less suitable for stiff systems or long-term simulations, despite its
computational simplicity.

In contrast, the implicit Euler method has a stability region
that covers almost the entire complex plane, excluding a small
area near z = 1. This reflects its unconditional stability for most
practical problems, even when large step sizes are used. Physi-
cally, this robustness allows implicit Euler to handle stiff systems
effectively, where rapid changes or dynamics spanning multiple
timescales are present. However, this method introduces numeri-
cal damping, which stabilizes the solution but can overly dampen
oscillatory behavior, potentially reducing accuracy for non-stiff
systems.

3.1.5 | Implicit Midpoint Method
Consider the following first-order ODE:

d
d—f = £(t.y(1)

The implicit midpoint method for solving this ODE can be
derived using the Butcher tableau [1]:

1
212
1

The steps to derive the implicit midpoint method are as follows:

1. Compute the slope k; using the current values of time and
state [23]:

h h
k= f(t,, + z,y,, + zf(t,,,yn)) (13)

where £ is the step size, 7, is the current time, and y, is the
current state.

2. Update the state using the computed slope k;:
Yur1 = Yo+ hky + O (14)

The key aspects of the implicit midpoint method are

« Implicit evaluation of the slope: the slope k, is computed at
the midpoint of the time interval, ¢, + g, using the current
state y, and the derivative f(z,,,). This implicit evalua-
tion of the slope is what distinguishes the implicit midpoint
method from the explicit midpoint method.

« Improved stability: the implicit nature of the method pro-
vides improved stability compared with explicit methods,
making it suitable for solving stiff differential equations.

The implicit midpoint method requires only a single starting
value, which serves as the initial condition. However, it necessi-
tates iterations to compute the solution at each step in this imple-
mentation and it requires evaluating function f twice per step.

3.1.6 | Modified Euler’s (Heun’s) or RK2 Method

Heun’s method, defined as an RK2 method for solving a
first-order ODE, uses the average of the derivative at the begin-
ning and end of the interval, as given in the following [23, 26]:

ky = f{t,y,)
k, = f(t,+ h,y, + hky)

h
Vi1 = Vo + E(kl + k) + O(h®) (15)

For Heun’s method, the local error is of order (9(h?). This means
that the error in each step is proportional to the cube of the step
size h. As h becomes smaller, the local error decreases rapidly,
specifically as /3. Additionally, the global error is of order O(h?).
This means that the overall error accumulated across the entire
computation is proportional to the square of the step size h. As
h becomes smaller, the global error decreases, but not as rapidly
as the local error. Heun’s method requires a single starting value,
which serves as the initial condition. No iterations are needed to
compute the solution at each step. However, the method involves
evaluating the function f twice per step.

3.1.7 | Stability Region of Heun’s Method

The stability of the modified Euler’s method, analyzed via above
equation. The stability function R(z) for the RK2 can be expressed
asR(z)=1+z+ § + ;—3, + .... Stability necessitates | R(z)| < 1,
indicating the region in the stability plane where |R(z)| <1
defines the stability region for the RK2 method.

The modified Euler’s or Heun’s Method, combining the predic-
tions from the predictor and corrector steps to improve the accu-
racy. It involves a two-step process: a predictor step and a correc-
tor step.

Figure 5 compares the outcomes of water tank drainage system
for all Euler methods for a step size of 2 = 5. To highlight the
differences among the methods, the local error is plotted, distin-
guishing the variations in the numerical solutions. As observed
from the absolute error in Figure 5 and the summary of local
errors in Table 2, which depicts the maximum errors of the four
numerical methods applied to the water drainage system, it is
evident that the implicit midpoint method outperforms the oth-
ers with the lowest maximum error of 0.004103 m. This result
underscores its superior accuracy in approximating the true solu-
tion. Conversely, both the explicit and implicit Euler’s methods
exhibit higher maximum local errors 0f 0.118394 and 0.112254 m,
respectively, indicating reduced accuracy in their predictions.
The modified Euler or RK2 method, as expected, yields better
accuracy than both implicit and explicit Euler’s methods (with a
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TABLE2 | Comparison of global and maximum errors. 3.2 | Draining a Water Tank Using RK4
Maximum Methods
Method Global error [m] local error [m]
The RK4 method is given by the following equations [18, 23,
Explicit Euler 0.086143 0.118394 28-31]:
Implicit Euler 0.083054 0.112254
Modified Euler (RK2) 0.0048274 0.014896 ky = f(t,y,)
Implicit midpoint 0.0019341 0.004103 h h
ky= (a4 503, + 5k
2 2
h h
ky= 1 (1 300+ 3k2)

local error of 0.014896 m). When comparing implicit and explicit
Euler’s methods, implicit Euler’s stability stands out, especially
in handling stiff ODEs. A stiff ODE is a differential equation
that requires an extremely small step size for certain numerical
methods to be stable due to rapid variations in the solution [8,
27]. Implicit methods, similar to implicit Euler, are robust and
offer accurate solutions for challenging differential equations,
making them reliable for scenarios involving complex dynam-
ics and stiff equations. Implicit methods, however, require more
computations due to iterative processes, contrasting with the sin-
gle iteration per step in explicit methods. While explicit Euler is
computationally less intensive, modified Euler strikes a balance
between accuracy and computational demand, making it popu-
lar for practical applications. Additionally, the choice of step size
affects solution accuracy. A larger step size results in larger errors,
while a smaller step size leads to smaller errors. This analysis is
also discussed in the section on predictor-corrector methods in
this article.

ky,= f(t,+h,y, + hky)

The updated solution at the next time step is then computed as:
h 5
Vo1 =V + E(kl + 2k, 4 2k5 + k) + O(R°) (16)

The local error of the RK4 method is in the form of O(h°), mean-
ing that the error at each step is proportional to the fifth power
of the step size h. The global error, which is the accumulated
error over multiple steps, is of order @(h*). This indicates that
the overall error accumulated throughout the entire computation
is proportional to the fourth power of the step size 4. The RK4
method requires a single starting value, which serves as the ini-
tial condition. No iterations are needed to compute the solution
at each step. However, it involves evaluating the function f four
times per step.
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FIGURE 6 | Stability regions.

3.2.1 | Stability Region of RK4 Method

The stability of this method is determined by analyzing the RK4
equation. To derive the stability region, a test function is substi-
tuted into the method and the function, R(z) for the RK4 method
is obtained through back substitution into the above equation [8,
9, 11, 12]. For stability, it is essential that | R(z)| < 1. Its stability
region is the region where |R(z)| < 1.

The absolute region of stability of the RK4 method is broader
compared with that of the RK2 and Euler’s methods, as illustrated
Figure 6 and expands with the order of the RK method. Each
shaded region corresponds to the stability region of a specific
RK method, including explicit Euler, modified Euler or RK2, and
RK4. These shaded areas visually represent where the numer-
ical method maintains stability. The unshaded regions beyond
these stability regions indicate areas where the numerical method
may become unstable, leading to unbounded growth or oscilla-
tory behavior in the solutions.

As shown in Figure 6, the stability regions: explicit Euler, mod-
ified Euler (or RK2), andRK4 provide insight into their behav-
ior in solving ODEs. Each method has a specific stability func-
tion, which determines whether the numerical solution remains
bounded for a given step size and problem dynamics. For explicit
Euler, the stability region is a small circle centered at z = —1 in
the complex plane, indicating that stability is only achieved for
eigenvalues of the system’s dynamics matrix (scaled by the step
size) that fall within this limited area. Physically, this implies
that explicit Euler is conditionally stable and can only handle
systems with slow dynamics or non-stiff behavior effectively,
as larger step sizes or fast-changing dynamics would lead to
instability.

In contrast, modified Euler (or RK2) and RK4 methods exhibit
larger stability regions, providing greater flexibility and stabil-
ity for a wider range of problems. The modified Euler (or RK2)
method’s stability region is larger than that of explicit Euler but
still limited compared with RK4. The RK4 method has the largest
stability region among the three, making it suitable for problems
requiring higher precision and stability over larger step sizes.

However, neither modified Euler (or RK2) nor RK4 can han-
dle stiff problems effectively, as their stability regions remain
bounded, unlike implicit methods.

Figure 7 compares the outcomes of water tank drainage sys-
tem for implicit midpoint Euler’s method, modified Euler (or
RK2) and RK4 for a step size of A = 5. To highlight the differ-
ences among the methods, the local error is plotted, distinguish-
ing the variations in the numerical solutions. When evaluating
the accuracy of each numerical method, as depicted in Figure 7
and summarized in Table 3, the RK4 method demonstrates supe-
rior performance with a local error of 0.002099m, outperform-
ing the implicit midpoint Euler’s method with a local error
of 0.004103m. The results from the implicit midpoint Euler’s
method are notably better than those of the modified Euler’s
(RK2) method, which has a local error of 0.014896m. Hence, the
RK4 method, known for its higher accuracy, excels in deliver-
ing enhanced performance. In numerical methods, particularly
for solving differential equations, computational effort and per-
cent relative error are key factors considered when comparing
different solution methods. The computational effort is primar-
ily determined by the number of function evaluations required to
compute the solution over a given time interval. For Runge-Kutta
(RK) methods, the computational effort is proportional to the
order of the method, as higher-order methods generally require
more function evaluations per step. In this context, the effort
is calculated as the number of steps (dependent on the time
step size) multiplied by the number of function evaluations per
step. For RK2, two function evaluations per step are needed.
In RK4, four function evaluations are required per step. The
implicit midpoint method, a second-order method, also requires
two function evaluations per step, similar to RK2. These compu-
tational efforts are used to estimate the run time or time taken
to compute the solution, a critical consideration for practical
applications.

The percent relative error provides a measure of the accu-
racy of the numerical solution compared with the true solu-
tion (often derived analytically for comparison). It is computed
as the average relative difference between the computed solu-
tion and the true solution, expressed as a percentage. A lower
percent relative error indicates better accuracy of the numerical
method.
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FIGURE 7 | Comparison of implicit midpoint, 2nd and 4th order Runge Kutta method.

TABLE3 | Comparison of global and maximum local errors. TABLE4 | Explicit Adams-Bashforth method coefficients: Summary
Maximum of [1, 28-30].
Method Global error [m] local error [m] Order cp b, b, b, b, by
RK4 0.00041243 0.002099 1 1 1
Implicit midpoint 0.0019341 0.004103 2 % 3 -1
Modified Euler (RK2) 0.0048274 0.014896 3 % 23 -16 5
4 - 55 -59 37 -9
5 = 1901 —2774 2616 -1274 251

3.3 | Draining a Water Tank Using Explicit
Adams-Bashforth Methods

This method is explicit multistep numerical integration methods
for solving ODESs. Generally, for 1st-order ODE [1, 28—-30]:

Jj-1

yn+1 =yn+cphzbif(zn—i’yn—i) (17)

i=0

where j is the order of the Adams-Bashforth, defined according
to the equation below, the coefficients c,b; are defined accord-
ing to the table provided in Table 4, which illustrates the coef-
ficients for the explicit Adams-Bashforth method. Generally, the
equation is summarized according to the Table 5. These methods
are multi-step methods that use information from multiple previ-
ous points to estimate the value of the next point in the solution.
Below is an explanation of each equation:

N
]
(=3

3.3.1 | Euler’s Method (Adams-Bashforth One-Step
Method)

Adams-Bashforth one-step method is given by the following
equation:

Voy1 = Vu - f(,9,) (18)

This is the simplest explicit method, also known as Euler’s
method. It approximates the solution by using the current value
and applying the function f(z,, y,) to estimate the next value y, ;.
The step size h determines how much the solution is incremented
in each step. This method uses a single function evaluation
per step. One-step Adams-Bashforth as explicit Euler method, it
requires only a single starting value, which serves as the initial
condition of the dependent variable, such as the initial water level
h,. For this specific implementation, no iterations are required to
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TABLE5 | Explicit Adams-Bashforth method equations [1, 28-30].

Order Adams-Bashforth Equation

1 Vo1 =Vt h- [ p,)

2 Vas1 = Yo+ 5 (3S s v) = [t ¥m))

3 Yt = VuF 15 (23t 9,) = 16 (1415 1) + 5 (3 ¥02))

4 Vus1 = Vot 2 (557 (0 ) = 59F (g1 ¥ut) + 371 (g0 Vo) = 9F (13, ¥, 3))

5 Va1 = VaF 75 (1901 (1, ,) = 27741 (1,15 1) + 2616 £ (3, ,5) = 12741 (3, ¥, -3) + 251 (1,4, V)

compute the solution at each step. It requires evaluating function
f once per step.

3.3.2 | Adams-Bashforth Two-Step Method

Adams-Bashforth Two-step method is given by the following
equation:

Voot = 3t 5 (30 5) = S C13,0) (19)

This is the second-order method, often called the 2-step
Adams-Bashforth method. It uses the current point (z,, y,) and
the previous point (7,_;, y,_,) to estimate the next point. The coef-
ficients 3 and —1 provide a weighted average of the slopes at these
two points.

On the other hand, the two-step Adams-Bashforth method
requires two starting values, one of which serves as the initial
condition of the dependent variable, while the other is typically
obtained using a single-step method such as the explicit Euler
method. For this specific implementation, it requires evaluating
function f twice per step for prediction purposes.

3.3.3 | Adams-Bashforth Three-Step Method

Adams-Bashforth Three-step method is given by the following
equation:

Ynt1 = n + % (23f(ln’ yn) - 16f(tn—1’ yn—l) + Sf(tn—Z’ yn—Z)) (20)
The third-order method uses the current point (,, y,), the pre-
vious point (¢,_;,y,_;), and the point before that (z,_,,y,_,)
to estimate the next point. The coefficients 23,-16,5 provide
a weighted combination of these three points and uses three
function evaluations per step. The three-step Adams-Bashforth
method requires three starting values. The first value serves as
the initial condition of the dependent variable, while the addi-
tional two values are typically obtained using a one-step method,
such as the explicit Euler or RK4 method, to initialize the process.
This method involves evaluating the function f three times per
step for prediction.

The accuracy of the three-step Adams-Bashforth method is
highly dependent on the precision of the initial values used for
the first three steps. In fact, the initial values for higher-order
multi-step methods are typically computed using lower-order
multi-step methods or alternative one-step methods. Given that

these initial values are generally obtained using a one-step
method, such as the explicit Euler or RK4 method, any errors
introduced during this initialization phase can propagate and
adversely impact the overall accuracy of the solution. Conse-
quently, using a more accurate method, such as RK4, to compute
the starting values is crucial for enhancing the reliability and pre-
cision of the Adams-Bashforth method. Specifically, in the case
of the water drainage problem analyzed in this study, the RK4
method was utilized to determine the initial values.

The choice of initialization method, therefore, plays a signif-
icant role in determining the performance of the multi-step
Adams-Bashforth method. While Euler initialization is faster and
simpler, it introduces larger errors, which tend to accumulate
over time. Conversely, RK4 initialization provides a higher degree
of accuracy, effectively reducing errors and yielding a more stable
and reliable solution, asillustrated in Figure 8. Thus, for problems
where accuracy is critical, particularly over extended time peri-
ods, RK4 initialization emerges as the preferred approach. This
method leads to more accurate approximations with fewer errors
compared with Euler initialization, underscoring its importance
in applications demanding high precision.

3.34 | Adams-Bashforth Four-Step Method

Adams-Bashforth Four-step method is given by the following
equation:

h
Yur1 = Vn t 22 (sz(tw V) = 59f (1, Vuo1)

+37 f (ty_gs Vuz) = 9 (13, Yp3)) (21)

The fourth-order method uses the current and three previous
points (¢,.¥,), (t,_1: Yn_1)> (t,_2, ¥,_2), and (t,_s,¥,_3). The coef-
ficients 55,—-59,37,—9 are chosen to achieve a higher-order
approximation and requires four function evaluations per step.
The four-step Adams-Bashforth method requires four starting
values. The first value serves as the initial condition of the depen-
dent variable, while the additional three values are typically
obtained using a one-step method, such as the explicit Euler or
RK4 method, to initialize the process. This method involves eval-
uating the function f four times per step for prediction. The accu-
racy of the four-step Adams-Bashforth method is heavily influ-
enced by the precision of the initial values used for the first four
steps. These initial values are typically computed using either a
lower-order method (such as the three-step Adams-Bashforth) or
a one-step method (such as the explicit Euler or RK4 method).
However, any errors introduced during this initialization phase
can propagate and significantly impact the overall accuracy of the
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FIGURE S8 | Comparison of error performance for Euler and RK4 initialization in the 3rd-order Adams-Bashforth method.

solution. Therefore, using a more accurate method, such as RK4,
to compute the starting values can greatly enhance the reliabil-
ity and precision of the Adams-Bashforth method. In the context
of the water drainage problem examined in this study, the RK4
method was utilized to calculate the initial values.

3.3.5 | Adams-Bashforth Five-Step Method

Adams-Bashforth Five-step method is given by the following
equation:

to determine the initial values for the five-step Adams-Bashforth
method. Theoretically, these methods are explicit and do not
involve solving implicit equations, which typically makes them
computationally less expensive.

3.3.6 | Stability Region of Adams-Bashforth Explicit
Methods

To determine the stability of the Adams-Bashforth method, we
begin with the linear test equation:

h ,
Yur1 = Vut o0 (19011 (t,., y,) — 27741 (t,_1 Yu_1) j-1
Yn1 =yn+cph2bif(tn—i’yn—i) (23)
+2616£(t,_p ¥,2) — 12741 (1, 3, ¥,_3) Py
+2511 (ty_4 Vus)) (22)  Jletting z = 4h, where 4 represents the eigenvalue of the lin-

This is the fifth-order method, which uses the current
point (#,,y,) and the four previous points (t,_1,¥,_1)
(ty_zsVn2)s (t,_3,¥,_3), and (f,_4,¥,_4). The coefficients
1901, -2774,2616,—1274,251 are specifically chosen and
requires five function evaluations per step. Similarly, the five-step
Adams-Bashforth method requires five starting values. The first
value serves as the initial condition of the dependent variable,
while the additional four values are typically obtained using a
one-step method, such as the explicit Euler or RK4 method, to
initialize the process. This method also requires evaluating the
function f five times per step for prediction. The accuracy of
the five-step Adams-Bashforth method depends on the accuracy
of the initial values used for the first five steps. These initial
values, computed using a one-step method, introduce errors that
can propagate and impact the overall accuracy of the solution.
Therefore, using a higher-order method such as RK4 to calculate
the initial values can help improve the overall precision and relia-
bility of the solution. For this study, the RK4 method was utilized

earized ODE ) = Ay, the stability function, R(z) for the
Adams-Bashforth method equation yields:

Jj-1
ARy, =, + ,h D b f (s ¥,i) (24)
i=0
Dividing both sides by y, gives:

f(tn_," y,,_,-)
Yn

j-1
R(z)=1+ch )b (25)
i=0

The stability criterion for the Adams-Bashforth method requires
that |R(z)| < 1 for all z. This condition indicates a stable numer-
ical solution. The specific form of R(z) is dependent on the
Adams-Bashforth method’s order and the coefficients ¢,b; uti-
lized. By examining the stability function R(z), one can ascertain
the stability region in the complex plane for each order of the
Adams-Bashforth method.
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Stability Region for First-Step Adams-Bashforth (Euler)
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FIGUREY9 | Stability region of Explicit Adams-Bashforth methods.

In the stability plots in Figure 9, the shaded regions represent the
stable areas for each explicit Adams-Bashforth method, where
the numerical solution remains bounded and converges. The
unshaded areas outside these regions indicate potential instabil-
ity, where the solution may diverge. As the order of the method
increases, the stability region shrinks, meaning higher-order
methods are less stable and may require smaller step sizes
to maintain accuracy and avoid instability. This illustrates the
trade-off between computational effort and stability when choos-
ing an appropriate method for solving ODEs.

As shown in Figure 9, low-order methods (such as the first and
second-step Adams-Bashforth methods) exhibit relatively larger
stability regions, making them more tolerant of larger step sizes.

Stability Region for Second-Step Adams-Bashforth
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In contrast, high-order methods (including the third, fourth,
and fifth-step Adams-Bashforth methods) have smaller stability
regions, necessitating smaller step sizes to maintain numerical
stability. Figure 10 compares the outcomes of water tank drainage
system for all steps of the explicit Adams-Bashforth method with
a step size of A = 5. To highlight the differences among the meth-
ods, the local error is plotted, distinguishing the variations in
the numerical solutions. As shown in Figure 10 and Table 6, the
results from all steps of the explicit Adams-Bashforth methods
show robustness compared with previous methods. Particularly,
the 3rd-order explicit Adams-Bashforth method stands out with
an absolute error of 0.7934 x 10~ m, offering the most accurate
solution for this problem.
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FIGURE 10 | Resultsfrom Explicit Adams-Bashforth methods.

TABLE 6 | Global and maximum local errors for Explicit Adams-Bashforth method.

Method

Global error [m]

Maximum local error [m]

Adams-Bashforth Two-Step Method
Adams-Bashforth Three-Step Method
Adams-Bashforth Four-Step Method
Adams-Bashforth Five-Step Method

5.7733 x 10716
4.4128 x 10710
4.9442 x 10716
7.7793 x 10716

1.7645 x 1071
0.7934 x 1071
1.7513 x 1071
1.8733 x 10713

3.4 | Draining a Water Tank Using Implicit
Adams-Moulton Methods

In this section, four implicit Adams-Moulton methods: 2nd-,
3rd-, 4th-, and 5th-order implicit Adams-Moulton methods. The
objective is to determine the most appropriate method for subse-
quent comparisons in context of water drainage problem-solving
techniques. The implicit Adams-Moulton methods are implicit
multi-step numerical integration methods for solving ODEs as
indicate in the following [28-30]:

j-1

Y1 = Y + cphzbi-f(zn—i’ yn—i) (26)

i=0

where, each variable is defined as the variable in the
Adams-Bashforth method, and the coefficients c,b; are defined
according to the table provided in Table 7, which illustrates
the coefficients for the implicit Adams-Moulton method. The
equation summarized according to Table 8.

3.41 | Adams-Moulton Implicit Method Stability

It is derived from the backward difference formula and is used to
solve ODEs of the form y’ = f (¢, y). The method is defined by the
following equation:

Yn+1 = In +h- f(tn+1’ yn+1) (27)

Here, t,,, = t, + h For the test equation y’ = Ay, where Ais a con-
stant, the method becomes:

yn+1=yn+ﬂh'yn+1 (28)
Rearranging to solve for y,,, we get:

1

Ynr1 = m *Vn (29)

The stability function R(z) of the implicit Euler method is then

given by:
R(z) = —— (30)
1-z
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TABLE7 | Implicit Adams-Moulton method coefficients: summary of [1, 28-30].

Order cp b, b, b, b, by
1 1 1
2 L 1 1
2
3 é 8 -1
4 i 9 19 -5 1
5 L 251 646 —264 106 -19

N
N
=3

TABLE 8 | Implicit Adams-Moulton method equations [1, 28-30].

Order Adams-Moulton Equation

1 Vui1 = Vuor - f(19,)

2 Visr = Y+ 5 ([ grs V) + 10,0 3,))

3 Vi1 = Yo+ 5 (57 Upirs Vi) + 87 (o 3,) = [tyrs ¥,0)

4 Var1 = Vo 2 (9 (s Vs + 197 (0 3,) = S Ut V) + S (130 ¥02))

5 Vi1 = Vn + (2511 (11 Vos1) + 646 (1,1, 3,) = 264 £ (1, 1, ¥, 1) + 106 (1,5, ¥,_5) = 19 (1,3, ¥,—3))

720

where z = hA. This function describes how errors propagate
with each step, and the implicit Euler method is known for its
strong stability properties, particularly for stiff equations. The
second-order method is known as the trapezoidal rule or the
implicit midpoint method. It is a higher-order method that pro-
vides greater accuracy than the first-order method. The trape-
zoidal rule is defined by:

h
Varr = Yo+ 5 (F g Vs + (1 3,)) 3D
In this method, the slope is evaluated at both the current time
step ¢, and the next time step ¢, and the average of these slopes

is used to update the solution. For the test equation y’ = Ay, the
method becomes:

1
yn+1=yn+§h' (’lyn+/1yn+l) (32)
Solving for y,.,, we obtain:

1+§h/1
=—T— "V, (33)
1- EI’M

The stability function R(z) for the trapezoidal rule is:

R(z) = 2 (34)

Here, z = hA. The trapezoidal rule is second-order accurate,
meaning that its local truncation error is of order O(h®) and its
global error is of order @(h?). It also has good stability prop-
erties, making it suitable for a wider range of problems com-
pared with the first-step method. The stability regions of the
first- and second-order Adams-Moulton methods are illustrated
in Figure 11. These regions represent the range of the complex
plane where the methods maintain stability, which is particularly
critical for stiff and non-stiff ODEs. Following a similar approach,
stability derivations for higher-order Adams-Moulton methods

reveal progressively larger and more complex stability regions.
A comprehensive stability comparison for methods up to the
sixth order is presented in Figure 12, as described by [32]. These
comparisons are critical for understanding how the method’s
order influences its performance in solving ODEs. As shown in
Figure 12, Adams-Moulton implicit methods demonstrate that
the region of absolute stability diminishes as the order increases.
The shaded areas visually represent the regions where the numer-
ical method maintains stability. Higher-order Adams-Moulton
methods (e.g., 3rd, 4th, and 5th orders) are not fully stable but
exhibit extended stability regions compared with explicit meth-
ods, as illustrated in Figure 9. Moreover, these methods strike a
balance between accuracy and stability, making them advanta-
geous for problems requiring higher precision without compro-
mising stability.

Adams-Moulton methods, being implicit, typically offer
larger stability regions compared with explicit methods like
Adams-Bashforth. Additionally, this expanded stability region
allows Adams-Moulton methods to take larger time steps with-
out losing stability, which can enhance computational efficiency
for certain problems. However, their implicit nature requires
solving nonlinear equations at each step, increasing memory
consumption and computational effort. Furthermore, despite
these additional computational costs, Adams-Moulton methods
are particularly beneficial in scenarios where larger time steps
are necessary to maintain efficiency without sacrificing stability.

The stability region comparison underscores the trade-offs
between computational cost and stability as the method order
increases. Multi-step methods offer enhanced stability within
specific step size ranges (stability zones), which narrow with
higher-order methods. Moreover, while implicit methods like
Adams-Moulton provide superior stability, they demand greater
computational resources, necessitating careful consideration of
stability, memory usage, and computational effort, especially in
complex systems requiring long simulations.
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Stability Region of First-Step Adams-Moulton (Implicit Euler)
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FIGURE11 | Stability regions of first- and second-order Adams-Moulton methods.
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FIGURE 12 | Stability regions of Second- to Sixth-order

Adams-Moulton methods [32].

This discussion highlights the importance of selecting an appro-
priate numerical method based on the problem’s stiffness, accu-
racy requirements, and available computational resources. Addi-
tionally, the balance between stability, accuracy, and computa-
tional intensity is crucial in ensuring the efficiency and reliability
of numerical solutions in practical applications.

Figure 13 compares the outcomes of water tank drainage system
for all implicit Adams-Moulton methods for a step size of A = 5.
To highlight the differences among the methods, the local error is
plotted, distinguishing the variations in the numerical solutions.
As shown in Figure 13 and summarized in the Table 9, the results
obtained from all steps of the implicit Adams-Moulton methods
prove to be robust in solving the problem when compared with
the previously discussed methods. In the context of this specific
problem, the 3rd-order implicit Adams-Moulton Method stands
out an absolute error of 2.5769 x 107 m providing the most accu-
rate results compared with the other methods.

3.5 | Draining a Water Tank Using
Predictor-Corrector Methods

The predictor-corrector method is an iterative numerical
approach designed for solving ODEs. It integrates an explicit
prediction step (predictor) with an implicit correction step (cor-
rector). An illustrative example of such techniques discussed in
this article is Heun’s Method (modified Euler method). Another
notable method is the Adams-Bashforth-Moulton method:

i. Predictor step: predicts the next value using the
Adams-Bashforth method.

ii. Corrector step: refines the prediction using the
Adams-Moulton method. This combination of methods
leads to better accuracy in solving ODEs. In this article, the
second and third-step Adams-Bashforth-Moulton method
is presented for solving the water drainage problem.

a. Adams-Bashforth predictor (2nd order): Adams-Bashforth
predictor (2nd order) method is given by the following
equation:

Vo =90+ 2 (31 3) = Fry))  G9)

b. Adams-Moulton corrector (2nd order): Adams-Moulton
corrector (2nd order) method is given by the following
equation:

h
Ypp1 =V t 5<f(tn+1’ yl’n+1) + f(tn’ yn)) (36)
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FIGURE 13 | Results from implicit Adams-Moulton methods.
TABLE9 | Global and maximum local errors for Adams-Moulton Implicit method.
Method Global error [m] Maximum local error [m]

Adams-Moulton Two-Step Method
Adams-Moulton Three-Step Method
Adams-Moulton Four-Step Method
Adams-Moulton Five-Step Method

1.1664 x 1077
6.9425 x 10798
1.6533 x 1077
1.3435 x 10777

4.262397 x 10797
2.576908 x 1077
6.992241 x 1077
5.713701 x 107%7

The results from this algorithm implementation is shown
the Figure 14, the predictor-corrector method (2nd-order
Adams-Bashforth-Moulton) yields satisfactory results for this
specific problem.

The 2nd-order Adams-Bashforth-Moulton method’s numerical
simulations with different step sizes offer insights into solving the
water drainage problem as shown in Table 10.

For h =1, the global error is 0.00028343 with a local error of
0.000490, while for 4 = 5, the global error increases to 0.0070897
with a maximum local error of 0.012263, highlighting the impor-
tance of smaller step sizes for accuracy. With 4 = 2.5, the global
error rises to 0.0017803 with a local error of 0.003066, under-
scoring the need for careful selection of step size for accurate

numerical solutions, balancing between accuracy and computa-
tional cost.

The step size should be small enough to ensure accuracy, min-
imize truncation error, and guarantee the convergence of the
solution between successive iterations. Conversely, the step size
should be large enough to reduce runtime costs and minimize
the accumulation of round-off errors. Balancing these opposing
requirements involves a trade-off between accuracy and com-
putational efficiency. Lastly, this section compares the perfor-
mance of selected numerical methods, including the implicit
midpoint method, the fourth-order Runge-Kutta method (RK4),
the third-order implicit Adams-Moulton method, the explicit
Adams-Bashforth method, and the Adams-Bashforth-Moulton
method, in solving the water drainage system problem. Accord-
ing to Figure 15, comparing the implicit midpoint, RK4,
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FIGURE 14 | Result from predictor-corrector method.

TABLE 10 | Global and maximum local errors for different step sizes.
Maximum
Step size (h) Global error [m] local error [m]
1 0.00028343 0.000490
2.5 0.0017803 0.003066
5 0.0070897 0.012263

third-order implicit and explicit, and Adams-Bashforth-Moulton
methods, it is clear that the third-order implicit and explicit
Adams-Moulton methods outperform the others, showing nearly
zero absolute errors, indicating exceptional accuracy. Multi-step
methods offer computational efficiency advantages over one-step
methods but require knowledge of the solution at multiple points
for initialization.

4 | Discussions

4.1 | Comparison of Various One-Step Methods

As discussed in the numerical analysis and results section,
various one-step methods—including explicit (forward),
implicit (backward), implicit midpoint, modified Euler’s, and
the fourth-order Runge-Kutta methods—were evaluated for the
water drainage system.

Figure 16 shows the relationship between the step size 4 and the
error (measured using the L,-norm) for the different numeri-
cal methods. As expected, smaller step sizes generally result in
reduced error for all methods. The higher-order methods, such
as the RK4, exhibit superior accuracy at larger step sizes com-
pared with lower-order methods like the explicit Euler. Notably,
the error for RK4 decreases more rapidly with smaller 4, reflect-
ing its higher-order accuracy. In contrast, the explicit Euler and
implicit Euler methods show higher errors at all step sizes, high-
lighting the limitations of first-order accuracy in capturing the
dynamics of the water drainage system. Figure 17 illustrates the
trade-off between computational effort, defined as the number
of function evaluations, and numerical error, plotting the L,
error against the effort for various one-step numerical methods
applied to the water drainage problem. Higher-order methods,
such as RK4, deliver significantly lower errors for a given compu-
tational effort compared with lower-order methods like explicit
Euler. Notably, RK4 exhibits a steep reduction in error at ini-
tial effort levels, but the improvement rate diminishes as com-
putational effort increases. In contrast, explicit Euler shows only
modest error reductions despite higher effort, underscoring its
inefficiency for problems requiring high precision. As the step
size decreases (see Table 11), the computational effort increases
across all methods due to the greater number of time steps needed
to span the simulation interval. While RK4 achieves superior
accuracy, it incurs higher computational costs because of its four
intermediate evaluations per time step. Methods such as explicit
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FIGURE 17 | Relationship between error and computation effort for various one-step numerical methods with a fixed step size (h = 1).

Euler and implicit Euler are computationally less demanding
but sacrifice accuracy, making them less suitable for applications
that prioritize precision. Figure 18 demonstrates the relationship
between computational effort and step size (&) for one-step meth-
ods in the water drainage problem. As & increases, the compu-
tational effort decreases across all methods due to fewer time
steps, but this comes at the cost of accuracy (also see Table 11 for
h =0.5,1,2,5). Explicit Euler, being the simplest, has the lowest
computational effort, while RK4, with four function evaluations
per step, is the most computationally intensive. Modified Euler
(RK2) and implicit midpoint require intermediate effort, balanc-
ing accuracy and cost. Implicit Euler shows slightly higher effort
than explicit Euler due to iterative calculations but maintains sta-
bility for larger s. These trends highlight the trade-offs between
effort and accuracy, guiding method selection based on problem
requirements. In summary, the results highlight the trade-offs
between accuracy, computational effort, and step size for numer-
ical methods. Higher-order methods, particularly RK4, offer sig-
nificant accuracy advantages for the water drainage system but at
the cost of increased computational effort. The choice of method
depends on the specific requirements of accuracy and computa-
tional efficiency for the given problem.

4.2 | Comparison of Various Multi-Step
Methods

Additionally, in the numerical analysis and results section,
various multi-step methods including the Adams-Bashforth
(explicit), Adams-Moulton (implicit), and predictor-corrector
(Adams-Bashforth-Moulton) methods were evaluated for the
water drainage system. Figure 19 shows the error versus
computational effort for the selected 3-step Adams-Bashforth
(explicit), Adams-Moulton (implicit), and Predictor-Corrector
(Adams-Bashforth-Moulton) methods with a fixed step size
of h =1. The explicit 3-step Adams-Bashforth method, while

offering lower computational effort, exhibits higher error lev-
els compared with the implicit methods. In contrast, the
implicit 3-step Adams-Moulton method provides better accu-
racy with increased computational effort, owing to its stable
nature. The Predictor-Corrector method, which combines both
Adams-Bashforth and Adams-Moulton methods, shows simi-
lar accuracy to the Adams-Moulton method but with a slightly
higher computational cost (also see Table 11).

4.3 | Comparison of Various One-Step Methods
With Various Multi-Step Numerical Methods

Moreover, in the numerical analysis and results section, var-
ious multi-step methods—including the Adams-Bashforth
(explicit), Adams-Moulton (implicit), and predictor-corrector
(Adams-Bashforth-Moulton) methods—were evaluated for
the water drainage system. The results of the comparison
between the numerical methods (RK4, implicit midpoint,
3-Step Adams-Bashforth, 3-step Adams-Moulton, and 3rd-order
predictor-corrector) are analyzed through three primary plots:
error versus step size, error versus computational effort, and
error versus time.

4.3.1 | Error Versus Step Size

Figure 20 demonstrates the relationship between the error and
the step size for each method. As the step size decreases, a
reduction in the error is observed for most methods. Smaller
step sizes result in more accurate approximations. The RK4
method exhibits a steady decrease in error with smaller step
sizes, due to its higher order of accuracy. The implicit mid-
point method, though stable for larger step sizes, shows a slower
reduction in error compared with RK4, as implicit methods tend
to be more stable but less efficient in reducing error. The 3-Step
Adams-Bashforth method, being explicit, demonstrates a more
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TABLE 11 | Comparison of one-step and multi-step numerical methods: Step size, computational effort, and L,-norm error.
Method Step size (h) Computational effort Error (L,-norm)
Explicit Euler 0.5 254.0 0.136461
Implicit Euler 0.5 254.0 0.136008
Implicit Midpoint 0.5 508.0 0.000281
Modified Euler (or RK2) 0.5 508.0 0.000285
RK4 0.5 1016.0 0.000002
3rd-Order Adams-Bashforth 0.5 254.0 0.001132
3rd-Order Adams-Moulton 0.5 2540.0 0.001133
3rd-Order Predictor-Corrector 0.5 2805.0 0.001133
Explicit Euler 1.0 127.0 0.193295
Implicit Euler 1.0 127.0 0.192023
Implicit Midpoint 1.0 254.0 0.000798
Modified Euler (or RK2) 1.0 254.0 0.000821
RK4 1.0 508.0 0.000030
3rd-Order Adams-Bashforth 1.0 127.0 0.003204
3rd-Order Adams-Moulton 1.0 1270.0 0.003207
3rd-Order Predictor-Corrector 1.0 1408.0 0.003207
Explicit Euler 2.0 63.5 0.274230
Implicit Euler 2.0 63.5 0.270666
Implicit Midpoint 2.0 127.0 0.002244
Modified Euler (or RK2) 2.0 127.0 0.002749
RK4 2.0 254.0 0.000086
3rd-Order Adams-Bashforth 2.0 63.5 0.009074
3rd-Order Adams-Moulton 2.0 630.0 0.009088
3rd-Order Predictor-Corrector 2.0 715.0 0.009088
Explicit Euler 5.0 25.4 0.437324
Implicit Euler 5.0 25.4 0.425342
Implicit Midpoint 5.0 50.8 0.009284
Modified Euler (or RK2) 5.0 50.8 0.011118
RK4 5.0 101.6 0.003228
3rd-Order Adams-Bashforth 5.0 27.0 0.035981
3rd-Order Adams-Moulton 5.0 270.0 0.036245
3rd-Order Predictor-Corrector 5.0 297.0 0.036245

significant decrease in error as the step size decreases, though
the accuracy remains lower than RK4. Similarly, the 3-Step
Adams-Moulton method, which is implicit, shows a compara-
ble reduction in error, but it may perform slightly better than
Adams-Bashforth, due to the correction factor. The 3rd-order
predictor-corrector method combines both the Adams-Bashforth
predictor and Adams-Moulton corrector, resulting in a more con-
sistent and rapid reduction in error compared with the Adams
methods, making it highly efficient for smaller step sizes.

4.3.2 | Error Versus Computational Effort
Figure 21 compares the error with the computational effort, mea-

sured as the number of steps, for selected one-step and multi-step
numerical methods applied to the water drainage problem with

a fixed step size of A =1. For one-step methods, the explicit
Euler and implicit Euler methods both require 127 computational
units, with the explicit Euler method yielding a higher error
of 0.193295 compared with the implicit Euler method’s error
of 0.192023. The implicit midpoint method, on the other hand,
requires 254 units and delivers a much lower error of 0.000798.
Among the multi-step methods, the 3rd-order Adams-Bashforth
method requires 127 units, yielding an error of 0.003204, whereas
the 3rd-order Adams-Moulton method needs 1270 units with
an error of 0.003207. The 3rd-order predictor-corrector method
demands 1408 units, producing an error of 0.003207. Thus,
although the one-step methods such as the explicit and implicit
Euler methods require fewer computational steps (127 units),
they exhibit higher errors compared with the multi-step methods.
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FIGURE 19 | Relationship between error and computation effort for various multi-step numerical methods with a fixed step size (h = 1).

The multi-step methods, though computationally more expen-
sive, generally yield much lower errors, with the 3rd-order
Adams-Moulton and predictor-corrector methods delivering
comparable results at higher computational costs.

Table 11 presents a comparison of various selected one-step and
multi-step numerical methods applied to the water drainage
problem, with different step sizes (), computational effort, and
associated errors. The step size (k) plays a crucial role in deter-
mining the computational effort required for each method. As

expected, larger step sizes, such as i = 5.0, generally result in
a lower computational effort. For example, Euler (explicit) and
Euler (implicit) methods require only 25.4 computational units
at h = 5.0, compared with 254 units at 4 = 0.5. However, this
decrease in computational effort comes at the expense of accu-
racy, as seen in the increased L,-norm error at larger step sizes.
The Euler methods exhibit much larger errors at higher step sizes,
with the error for Euler (Explicit) increasing from 0.136461 at
h =0.5to 0.437324 at h = 5.0. This shows that larger step sizes
compromise the accuracy of the solution.
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(h=1).

On the other hand, the L,-norm error generally increases with
larger step sizes, a characteristic common to most numerical
methods. For smaller step sizes, methods such as RK4, implicit
midpoint, and 3rd-order Adams-Bashforth maintain relatively
low errors. For instance, RK4 shows excellent accuracy with an
error of 0.000002 at & = 0.5, and still performs well at 2 = 1.0
and h = 2.0, with errors of 0.000030 and 0.000086, respectively.
This demonstrates that RK4 is highly accurate, even at larger step
sizes, while methods such as Euler (explicit) and Euler (implicit)
show a substantial increase in error as the step size grows.

In terms of method performance, RK4 stands out for its consis-
tent accuracy across various step sizes. Although RK4 requires
moderate computational effort (1016 at 2 = 0.5 and 508 at h =
1.0), it provides remarkably low errors, making it an excellent
choice for problems where accuracy is critical. The 3rd-order
Adams-Bashforth, 3rd-order Adams-Moulton, and 3rd-order
predictor-corrector methods, while offering good accuracy (with
errors between 0.001132 and 0.001133 at & = 0.5), require sig-
nificantly higher computational effort, especially the 3rd-order
Adams-Moulton method, which has a computational effort of
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2540 at h = 0.5, and 270 at & = 5.0. These methods perform simi-
larly to RK4 in terms of accuracy, but their computational cost is
higher.

High-order methods such as the 3rd-order Adams-Bashforth,
3rd-order Adams-Moulton, and 3rd-order predictor-corrector
provide a better balance between accuracy and computational
effort at smaller step sizes. However, as the step size increases, the
computational effort of these methods rises steeply, while their
error remains relatively consistent. For instance, at 4 = 5.0, the
computational effort for the 3rd-order Adams-Moulton method
is 270, and the error remains around 0.036245, similar to the error
at h = 0.5.

4.4 | Benefits and Limitations of Each
Numerical Scheme Method

One-step methods, such as Euler’s method and Runge-Kutta
methods, are straightforward to implement and require minimal
memory since they do not store previous values. However, their
simplicity comes at the cost of lower accuracy compared with
multi-step methods when using the same step size. Additionally,
one-step methods may face stability challenges, especially for stiff
equations, necessitating very small step sizes.

In contrast, multi-step methods, such as Adams-Bashforth and
Adams-Moulton, use information from previous steps, making
them more efficient and accurate for the same computational
effort. They allow for larger step sizes and achieve higher accu-
racy with fewer function evaluations. However, these methods
are more complex to implement, requiring storage of multi-
ple past values, special starting procedures, and higher memory
usage.

Implicit methods offer notable advantages in stability and accu-
racy, particularly for stiff equations, making them suitable for a
wide range of problems. However, they involve solving nonlin-
ear equations at each step, which increases computational com-
plexity and time. Implementing implicit methods also requires
advanced techniques for solving implicit equations.

Explicit methods, on the other hand, are simpler to implement
and faster per step, making them appealing for problems where
stiffness is not a concern. However, they are generally less sta-
ble and accurate for certain equations, especially when large step
sizes are used, requiring careful consideration to ensure reliable
results.

4.5 | Stability Considerations

Stability is a critical property of numerical methods, particu-
larly when solving differential equations. It refers to the method’s
ability to control the growth of errors introduced during com-
putations. A stable method ensures that errors, whether due to
initial conditions, rounding, or truncation, do not grow uncon-
trollably as computations proceed. For numerical methods, sta-
bility is analyzed in the context of a test problem, such as the
linear ODE )y’ = Ay, where A is a complex constant. The behav-
ior of the numerical solution depends on the step size 4 and the
method used.

Explicit methods, such as Adams-Bashforth methods, are effi-
cient but have limited stability regions and are conditionally
stable, requiring smaller step sizes to maintain stability. These
methods are not ideal for stiff equations, where larger step
sizes are necessary, as they may become unstable under such
conditions. Implicit methods, including backward Euler and
Adams-Moulton methods, are more suited for stiff problems due
to their larger or even unbounded stability regions. This ensures
stability regardless of the step size, making them effective for
challenging numerical problems. However, their stability advan-
tage comes at the cost of increased computational effort, as solv-
ing additional equations is required at each step.

Multi-step methods, like the Adams-Bashforth and
Adams-Moulton families, strike a balance between computa-
tional efficiency and stability. While higher-order methods offer
improved accuracy, they often involve more complex stability
considerations. Explicit multi-step methods experience shrink-
ing stability regions as the order increases, whereas implicit
methods maintain broader stability, making them suitable for a
wider range of problems.

4.6 | Practical Application in Water Tank
Drainage and Recommendations

If computational resources are a limiting factor, one-step numer-
ical methods, such as implicit Euler, RK2, and implicit mid-
point, offer relatively low computational costs while still pro-
viding reasonable accuracy. For problems that require higher
precision but without the computational overhead of solving
implicit equations, RK4 can be the optimal choice, especially
when computational resources are not heavily constrained. For
more complex systems or stiff problems, multi-step methods
such as implicit Adams-Moulton or predictor-corrector meth-
ods may be necessary due to their superior stability proper-
ties, although they come with higher computational costs. The
multi-step Adams-Bashforth method, being explicit, is useful
when an explicit method is preferred, but its higher error levels
(compared with implicit or RK methods) may make it less favor-
able for problems requiring high accuracy.

The findings from this study can be applied in real-world water
management systems to optimize the design of drainage systems,
prevent overflow, and improve emergency response strategies. By
accurately modeling water drainage dynamics, the study aids in
designing efficient systems that prevent stagnation or overflow
while ensuring effective water flow. It also supports the devel-
opment of predictive control systems for real-time monitoring,
helping to avoid overflow scenarios. Additionally, the insights on
computational effort and accuracy guide the selection of numeri-
cal methods for smart water management systems, ensuring both
efficiency and precision in resource-constrained environments.
Ultimately, these findings contribute to enhancing the reliability,
efficiency, and resilience of water management infrastructures.

5 | Conclusions

This article presents a comparative analysis of various numerical
methods applied to solve the water drainage problem, focusing on
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their accuracy, stability, and computational efficiency. The com-
parison of one-step and multi-step methods reveals key insights
into their strengths and limitations, highlighting their suitabil-
ity for different problem types. The analysis shows that explicit
methods, such as Euler’s method, are computationally efficient
but lose accuracy, especially with larger step sizes. In contrast,
implicit methods, such as backward Euler and Adams-Moulton,
offer broader stability regions, making them better suited for
problems that require high stability, such as stiff equations or
long-term simulations. While the RK4 method provides high
accuracy for smaller step sizes, it incurs moderate computational
costs. On the other hand, multi-step methods, like Adams and
Predictor-Corrector, strike a balance between accuracy and effi-
ciency, though they become more computationally intensive as
the step size decreases. The study also emphasizes the trade-offs
between accuracy, computational effort, and step size.

The selection of a numerical method should therefore be driven
by the system’s characteristics, computational resources, and the
desired accuracy. For simpler systems or scenarios where com-
putational efficiency is prioritized, one-step methods like Euler’s
method are ideal due to their lower computational cost. How-
ever, for problems that require greater accuracy, stability, and
reliability, particularly for stiff systems or long-term simulations,
multi-step methods are more appropriate. In these cases, implicit
methods, such as backward Euler or Adams-Moulton, are partic-
ularly effective because of their larger stability regions.

When choosing between one-step and multi-step methods, it is
crucial to consider the problem’s complexity. One-step meth-
ods, such as Euler or RK4, are well-suited for simpler prob-
lems or when rapid computations are necessary, where accu-
racy may not be as critical. These methods are beneficial for
small-scale problems where computational efficiency is a prior-
ity. Conversely, multi-step methods such as Adams-Bashforth,
Adams-Moulton, and Predictor-Corrector should be used for
more complex problems that demand higher accuracy and sta-
bility. Although they are computationally more expensive, these
methods provide superior accuracy for smaller step sizes and are
recommended when more robust solutions are required.

In summary, the study underscores the importance of selecting
the appropriate numerical method based on the specific demands
of the problem.

Key findings of this study in terms of accuracy, computational
efficiency, and stability are as follows:

Accuracy: multi-step methods, particularly Adams-Bashforth,
demonstrated higher accuracy than one-step methods (e.g.,
explicit Euler and RK4), especially in long-term simulations
where they more effectively capture the dynamics of the water
tank drainage system. However, the accuracy of these methods
depends on the initial values, with higher-order methods such as
RK4 providing more accurate starting points and thus enhancing
the overall accuracy. Computational efficiency: one-step meth-
ods generally require fewer function evaluations per time step
compared with multi-step methods. The explicit Euler method,
for example, is the least computationally expensive, but its
lower accuracy may necessitate smaller time steps for preci-
sion. Multi-step methods, while computationally more intensive,

achieve higher accuracy for the same step size. Consequently,
multi-step methods offer a better balance of accuracy and effi-
ciency for longer simulations.

Stability: stability analysis revealed that one-step methods, partic-
ularly explicit Euler, are less stable with large step sizes, leading
to potential numerical instability. In contrast, multi-step meth-
ods, such as Adams-Bashforth, showed improved stability, espe-
cially when initialized with a higher-order method such as RK4.
This enhanced stability is essential for preventing divergence in
long-term simulations. Future work will explore the integration
of fractional-order differential equations, particularly for model-
ing systems with memory effects, such as water drainage. Addi-
tionally, the methods studied here will be applied to a broader
range of real-world problems, including fluid dynamics, chemical
reactions, and environmental simulations, to assess their general
applicability and performance. These efforts aim to improve mod-
eling accuracy, computational efficiency, and expand the use of
numerical methods in solving complex engineering and scientific
challenges.
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Appendix A

The full MATLAB code implementation used in this article is available
on GitHub: MATLAB implementation.
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