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Necessary and sufficient condition for existence of two-degree-of-freedom
feedback loop factorisation and comparison of zeros in compensator strategies

Marek Dlapa and Libor Pekar

Faculty of Applied Informatics, Tomas Bata University in Zlin, Zlin, Czech Republic

ABSTRACT

Two cases of the two-degree-of-freedom (2DOF) feedback loop are compared after applying them
to the third-order system with uncertain time delay, the fourth-order system with astatism and
uncertain time delay and the oscillating system with astatism and uncertain time delay. All sys-
tems have periodic changes of some of their parameters. The necessary and sufficient condition
for the existence of 2DOF factorisation is formed and proven. The uncertain time delay is treated
using multiplicative uncertainty; the periodic changes of parameters are modelled using a general
interconnection for the systems with parametric uncertainty in the numerator and denominator. The
structured singular value denoted u is used as a measure of robust performance and stability. For
comparison, the D-K iteration and algebraic x-synthesis are used for simple feedback loop controller
derivation. The algebraic u-synthesis is a new method for robust controller derivation comprising
the structured singular value, algebraic control theory and metaheuristic algorithm solving multi-
modality of the cost function. Minimisation of the u-function in the algebraic x-synthesis is treated
using the Differential Migration algorithm as a tool for global optimisation with subsequent tune-
up using the Nelder—Mead simplex method. The final controllers are verified using the x-plots and
simulations for the worst-case perturbation and periodic changes of parameters with the maximum
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1. Introduction

The two-degree-of-freedom (2DOF) interconnection
provides, in some cases, favourable properties with
respect to treating the overshoot (Dlapa, 2021, 2025).
In this paper, two modifications of 2DOF factorisa-
tion are discussed, giving slightly different outcomes
with the controlled plants being the third-order sys-
tem with uncertain time delay, the fourth-order system
with astatism and uncertain time delay and the oscil-
lating system with astatism and uncertain time delay.
All controlled plants are the sets of plants with peri-
odic changes in some of their parameters. The periodic
changes of parameters are modelled in the scope of
the linear fractional transformation (LFT) framework
using parametric uncertainty system interconnection
and robust stability and performance evaluation via
the structured singular value denoted x (SSV, Packard
& Doyle, 1993). The necessary and sufficient condition
for the existence of 2DOF factorisation is formed and

proven, defining the possible cases of 2DOF intercon-
nection application.

In the past decades, the parametric uncertain-
ties have been a head issue of robust control.
One of the first results was Mapping Theorem
(Zadeh & Desoer, 1963) followed by Kharitonov
Theorem (Barmish, 1984; Bialas, 1983; Kharitonov,
1978), Edge Theorem (Barmish, 1989; Bartlett et al.,
1988; Sideris & de Gaston, 1986) and Generalised
Kharitonov Theorem (Chapellat & Bhattacharyya,
1989), addressing conservatism in applications to a
teedback loop with a SISO (single-input single-output)
controller. One of the latest results is tree-structured
decomposition (Barmish et al., 1990), yielding a gen-
eral setup for the analysis of complicated closed-loop
characteristic polynomials in the polynomial compu-
tation time and the results for specific multilinear
structures (Barmish & Shi, 1990; Chapellat et al., 1993;
Fuetal, 1995), considering the closed-loop character-
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istic polynomials corresponding to the series connec-
tions of interval plants.

This paper solves the problem of parametric uncer-
tainties using the structured singular value and alge-
braic approache (Kucera, 1993; Vidyasagar, 1985)
with subsequent optimisation using the metaheuristic
algorithm (Dlapa, 2020, 2021), adding factorisation of
a simple feedback controller to feed-forward, feedback
and compensator part applicable to the two-degree-
of-freedom feedback interconnection. This method
solves both parametric and dynamic uncertainties,
including uncertain time delay, and makes possible
reference signal tracking without overshoot preserv-
ing the speed of response and robust performance.
The Robust Control Design Toolbox for Time Delay
Systems with Parametric and Periodic Uncertainties
Using SSV (see Dlapa, 2019 with different definitions
of parametric uncertainties, weights and their particu-
lar interconnections in the general parametric uncer-
tainty interconnection) is applied to periodic uncer-
tainties in the plant transfer function and uncertain
time delay. The design of the controller is performed
for both the two-degree-of-freedom and single feed-
back loop (2DOF and 1DOF see Dlapa, 2025) and
two cases of 2DOF factorisation with modified general
parametric uncertainty interconnection for the LFT
framework (Dlapa, 2025).

The controller is derived by solving a Diophan-
tine equation in the ring of Hurwitz-stable and proper
rational functions (.¥) for a nominal plant. The tun-
ing parameters are optimised via a metaheuristic
algorithm and a direct search method - Differen-
tial Migration (Dlapa, 2009, 2017) and Nelder-Mead
simplex method, respectively, handling the problem
of multimodality of the cost function. This method
solves the problem of the impossibility of use of the
performance weights with astatism and convergence
to a global or even local minimum, leading to non-
optimality of the resulting controller in the D-K iter-
ation (Stein & Doyle, 1991).

The two strategies for zeros in the compensator
of the two-degree-of-freedom structure (2DOF) are
applied to both the D-K iteration (see Doyle, 1985)
and algebraic u-synthesis controller, demonstrating
the differences between the standard and proposed
method. The overall performance is verified by simula-
tions of step response for the maximum values of time
delay in the simple feedback loop and two-degree-of-
freedom structure (1IDOF and 2DOF).

The following notation is used: s denotes Laplace
operator if not defined otherwise, ||-|| is Hoo norm, o (-)
is the maximum singular value, N, R, R"*", C and
C™™ (n,m € N) are natural numbers, real numbers,
real matrices, complex numbers and complex matri-
ces, respectively, and I, is the unit matrix of dimension
n.

2. Preliminaries

Define A as a set of block diagonal matrices

A = {diag[oRL,,, ..., o8, 61, . . ., 651,
AR ARAS LAY
ReRs=1...80eCt=1...T,
AJB E]Rmflxmf,f= 1...F,

AC e CVk=1.. K,

r1...75C...cT €N,

mi...mé,m%...m%,n%...n}on%...nieN,
Sat)fyk)S)T,F,KeN} (1)

For consistency among all dimensions, the following
condition must be held

S T F K

rs + cr + m} + n}(:n
PREDUEPACES
s= =1 =1

t=1
S T F K
er+th+ZmJ%+Zni:m (2)
s=1 t=1 f=1 k=1

Definition 2.1: For M € C"*™ is y1 5 (M) defined as

1
min{g(A): A € A,det(I — MA) =0}
3)

uaM) =

Ifnosuch A € A exists making I — MA singular, then
uaM) =0.

3. Modelling of a general plant with parametric
uncertainties and time delay via the LFT
framework

Define a general family of plants described by
the set of transfer functions with an uncertain
numerator and denominator and uncertain time



delay:
. b”sn 4 bn_lsn_l + ...+ b15 + bO e TS .
ans" + ap_1s" 1+ ... +ais+agp '
P= a; € [a; — daj,a; + daj], !

b; € [b; — db;, b; + db;],
1 €[0,T4,i=0,1,...,n

“(a)

This set of plants corresponds to the interconnection
in Figure 1, fitting into the linear fractional trans-
formation (LFT) framework. For the perturbations
0a;» Op; € R, dge € C, the following conditions hold

[0g;] <1, oyl <1, gl <1,i=0,1,...,n

(5)

The weights W,, Wy, and W ,; must satisfy the follow-
ing inequalities:

Wa; = daj/ (@s"™),

Wy, = dbi/(@ns"™),

—Tyi
|Waell > |1 — e 4%,

i=0,1,...,n (6)
i=01,...,n (7)
forallw e R (8)

A set of plants (4) corresponding to the interconnec-
tion in Figure 1 can be transformed to the intercon-
nections in Figure 2, where the sensitivity function,
as a performance indicator, is included and P,om with
A, in feedback loop is the open-loop interconnection
in Figure 1. The perturbation matrix A is defined as
follows:

A, 0 0O
Ar=] 0 Ay O 9)
| 0 0 Oge
(64 O 0]
0 64 -+ O
Ag = . . . . (10)
0 0 Ja, |
S, O 0]
0 &, --- 0
Ap=| . . (11)
| 0 0 b,

For the stability and performance of the feedback loop
depicted in Figure 2, Theorem 3.1 and subsequent
Corollary 3.1 hold (F; and Fy denote the lower and
upper linear fractional transformation, respectively):
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Theorem 3.1: Assume A; defined by (5), (9), (10), (11),
then the loop in Figure 2 is well-posed, internally stable
and ||FL[Fu(G, A3z),K]lleo < 1ifand only if

sup 13 [F1(G, K) ()] < 1 (12)

weR

with A = {[001 AOZ] 18] < 1,6, ec},AcA.

The proof of Theorem 3.1 is in the appendix of this
article.

The set of sensitivity functions S is defined as the
set of transfer functions from the reference signal r to
error e in Figure 3:

SE{ﬁ:Pef’} (13)

As the consequence of Theorem 3.1, the following
sufficient condition for the robust stability and perfor-
mance of the feedback loop in Figure 3 holds for the
set of sensitivity functions S and a family of plants (4).

Corollary 3.1: With assumptions (6), (7), (8) and for
every P € P defined by (4) and (5), the feedback loop in
Figure 3 is well-posed, internally stable and |[SW || <
1 for every S € S if (12) holds.

Proof: The proof follows as shown in Figure 1,
inequalities (12), (5), definitions (6), (7), (8) and
Theorem 3.1. n

Note that equivalence in Theorem 3.1 does not hold
in Corollary 3.1 because transport delay in the set
P is treated by multiplicative uncertainty with some
conservatism. If time delay in the set P and subse-
quent treating via multiplicative uncertainty are omit-
ted, then the equivalence in Corollary 3.1 would hold.

4. Algebraic u-synthesis

To the generalised feedback loop in Figure 4, the alge-
braic x-synthesis can be applied where G denotes the
generalised plant, K is the controller, A4 is the per-
turbation matrix, r is the reference and e is the output.

The multi-input multi-output (MIMO) system with
linputs and [ outputs can be decoupled into / identical
SISO plants. Then the nominal model can defined in
terms of continuous-time transfer functions:

P11(s) Py(s)
Prom(s) = : : (14)
Py (s) Py (s)
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x
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7'y

v
>

Figure 2. Closed-loop interconnection.

Figure 3. Feedback loop for P € P.

For decoupling the nominal plant P, (s) [Prom(s)
invertible], it is satisfactory to define the controller as

K(s) = K(®)I;

adj[Ppom(s)] (15)

Pyy(s)

v

A 4

Ay

LIA
=~

eITors controls

v
=~

where Py, is an element of adj[Po(s)] = det[Pom
(5)] - [Pnom(s)] ™! with the highest degree of numera-
tor {adj[Pom(s)] denotes the adjugate matrix of P, }.
The definition of the decoupling matrix prevents the
controller from cancelling any unstable poles or zeros
so that the internal stability of the nominal feedback
loop is held. The MIMO problem is reduced to find-
ing a controller for the nominal feedback loop with the
plant

Pec(s) = det[Piom (s)IProm (5)_1Pnom (s)

1
Pyy(s)



A 4

As

P —
<
— 1

errors controls

A\ 4

K

Figure 4. Closed-loop interconnection.

1
Pyy(s)
From Equation (16) follows the nominal plant transfer

function used in the algebraic u-synthesis controller
derivation:

Pec(s) = det[P0m (s)]1; (16)

1
Pyy(s)

Transfer function Pg,. can be approximated by a sys-
tem P’ with a lower order than Py,
b(s)
Pt (s) = —= 18
= (18)
and rewritten in terms of its coefficients and trans-
formed to the elements of .7

Pec (5) = det[Pom (S)] (17)

bys"+b,_15" 4. +bis+bg
(a1+s)(az+s)-...-(an+s) (19)

ans"+ap—15" " +.. . tars+ag
(a1+s)(a2+s)-...-(an+s)

P;;ec (S) =

The controller K = Nk /(DkF) is obtained by solving
the Diophantine equation

ADkF + BNk =1 (20)

with A, B,Dk, Nk, F € . and A, B coprime in ..
Equation (20) is the Bezout identity. All feedback con-
trollers Nx/(DkF) are given by Youla parameterisa-
tion

Nx Ny, — ATF

K = = 5
DxF ~ Dx,F + BTF

Nk, Dx, €. (21)

where Nk, Dx, € . are particular solutions of (20),
F is a predefined compensator and T is an arbitrary
element of ..

The controller K, satisfying Equation (20), guar-
antees the Hurwitz stability of the feedback loop in
Figure 5. The Hurwitz stability is not a necessary

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE . 5

condition for theorems related to robust stability and
performance in the scope of the structured singular
value theory but, without loss of generality, simplifies
searching for the optimal or stabilising tuning param-
eters a; with i =1,2,...n+4n; 4+ ny and arbitrary
transfer function T € .. If the controller or nomi-
nal plant has an astatism, then a stabilising controller
exists even if performance weights with astatism are
used, implying the non-existence of state-space solu-
tions using DGKF formulae (see Doyle et al., 1989) due
to zero eigenvalues of appropriate Hamiltonian matri-
ces. Such a procedure results in zero steady-state error
in the feedback loop with the controller obtained as a
solution to Equation (20). This technique is possible
in the scope of the standard yx-synthesis using neither
DGKF formulae nor LMI approaches (see Gahinet
& Apkarian, 1994), leading to numerical problems
in most of real-world applications, though, according
to standard control theory, the stabilising controller
exists. This issue solves the algebraic y-synthesis giv-
ing controllers satisfying robust stability and perfor-
mance condition (12) even if the performance weight
has an astatism in its transfer function.

The aim of the algebraic x-synthesis is to find a con-
troller satisfying the condition (12) rewritten in terms
of tuning parameters a; and f;:

sup /MZ[FL(G’ K)(]C(), 015> Ontni+ny> fenns tnz)]
w

<1, we€[0,00) (22)

o is the angular velocity in Fourier transform, »n +
ny + ny is the order of the nominal feedback sys-
tem, n; is the order of particular solution Ky =

Nk,/(Dk,F), ti are arbitrary parameters in T =
ty "2+ tny—15"2 " A istt
(Ontny +1+8) (@ntny +2+8) o (Ontny 2, +5)
the upper bound of the structured singular value of

and u'\ denotes

LFT on a generalised plant G and controller K corre-
sponding to uncertainty set A defined in (1).

Tuning parameters a; are positive and constrained
to the real axis since parameters of the controller trans-
fer function have to be real and because non-real poles
cause oscillations of the nominal feedback loop.

The cost function in (22) has many local extremes.
So, local optimisation has a very low probability of
finding a suitable or even stabilising solution. Here,
this is overcome by optimisation using a metaheuristic
algorithm with final tune-up by the Nelder-Mead sim-
plex method solving the task more or less efficiently.



6 M. DLAPA AND L. PEKAR

N, u

—
. | D.F
d

Figure 5. Nominal feedback loop.

Vi<

> | &

Unlike the D-K iteration, the algebraic x-synthesis
does not include the approximation of scaling matrices
in the upper bound u calculation by transfer matrices,
implying that there is no divergence from optimum
and actual non-optimality of the final controller (Stein
& Doyle, 1991) and uses the actual upper bound of -
function for tuning the controller, instead, fixing this
issue. The drawback is that the algebraic y-synthesis
uses an algorithm of global optimisation for the direct
search of the nominal closed-loop poles as close to the
optimum values as possible.

No other method is using an algebraic or Youla
parameterisation approach for controller derivation
using the structured singular value with robustness
treated by structured uncertainty consequent upon
Theorem 3.1. For this type of uncertainty, Theorem 3.1
and subsequent Corollary 3.1 can be used with any
method for controller derivation using u-function
[e.g. D-K iteration and x-K iteration (Lin et al., 1993)]
as well as with the algebraic y-synthesis.

5. Examples
5.1. Controlled sets of plants

The controlled plant families described by the set
of transfer functions with uncertain time delay and
uncertain coefficients in the numerator and denom-
inator and the corresponding weights are defined as
follows (t denotes time):

b1,0 Lo s .
ay3s3 + ayps® +aps+ano
ao =1,

a1 € [3 —03,34+ 0.3],
a1 = 3+ 0.3sin(?),
ain € [3 —03,3+ 0.3],
ay2 = 3+ 0.3sin(?),
a3 =1,
bi1pe[2—-02,2+40.2],
bl,l =2+0.2 sin(t),
T1 € [0, 4]

o
1

(23)

Wa,, = 0.3/s
Wy, = 0.3/s
Wp,, = 0.2/5°
. 2s
W, S—e¥|weR= Wy =
[Waen | > | I del = 5=

A 1

wh = —
L™ 40052 + 40s

D—K

1

W1,1 = )
400s= + 40s + 0.00001

b

P, =
Wa,, = 0.3/
Waz)?’ = 0.3/3
Wp,, = 0.2/s*

[Waep| > |1 —e

A 1

4j

a2,4s4 + 612,353 + a2,2$2 + a1s

a1 =1,
arn € [3 — 0.3, 3 + 0.3],
azy =3+ 0.3sin(0.1 - 1),
ars € [3 — 0.3, 34 0.3],
a3 =3+ 0.3sin(0.1 - 1),
aa =1,
bz)o (S [2 —-0.2,24+ 0.2],
bz,o =2+ 0.2sin(0.1 - t),
Ty € [0, 4]

2s
,weR= Wyp =

2s+1

| (7 —
21 40052 + 40s

D—K

1

W2,1 = )
400s* + 40s + 0.00001

P; = |
Wa,, = 0.2/s
Wp,, = 0.2/s°

a3 38> + az s
as] € [1—-0.2,140.2],
a1 =1+ 0.2sin(0.1 - 1),

b3,0 e€[1—-0.2,1+40.2],
b3,0 =1+ 0.2sin(0.1 - t),

bs, TS

az3 =1,

73 € [0,0.5]

ceT s,

(24)
(25)
(26)

-2.5

(27)

(28)

(29)

(30)
(31)
(32)
(33)

-2.5

(34)

(35)

(36)

(37)

(38)
(39)
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10° 102 107" 10° 10" 102

Figure 7. Bode plot of | W3] (dashed) and |1 — e%| (full).

2s

Wil > 11— 2,0 e R = Wy = .23

[Waes| > | | dely = 5%
(40)

0.012
wh = —— =~ 41
317 40052 + 40s (41)
0.4
wirk = (42)
» 400s2 + 40s + 0.00001

Weights W1, Wep and W3 correspond to the
weight W, in the set of plants P satisfying the con-
dition (8) being the envelope curve of the right side
of inequality (8) with small conservatism, as shown
in the Bode plots of |Wye | = |Weenl, |1 — e¥”| and
|Waeizl, |1 — e%%®| in Figures 6 and 7, respectively.
Weights (24), (25), (26), (31), (32), (33), (38) and (39)
follow from Equations (6) and (7) with respect to P,
P,,P; C P.

Predefined compensators of the algebraic u-synt-
hesis F1, F» and F3 corresponding with the sets P, P,,

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE . 7

— = —D-Kiteration \
\
102k Alg. approach \
\
\
\
\
hY
-3 L AN ¥
10 i
10.4 1 1 1 1 1 )
10 10° 102 107 10° 10 102

Figure 8. The upper bound x-plot for the set of plants Py with
the controllers obtained by the D-K iteration and algebraic u-
synthesis.

Ho 1 o°

= = =—D-Kiteration
Alg. approach

10-2 L N E

10 10" 102 107! 10° 10’ 102

Figure 9. The upper bound u-plot for the set of plants P, with
the controllers obtained by the D-K iteration and algebraic u-
synthesis.

P; are defined so that asymptotic tracking is guaran-
teed:

Fi=—— 43
! o14+s (43)
F,=1 (44)
F3=1 (45)

5.2. Global optimisation using a metaheuristic
algorithm

To overcome multimodality of the cost function (22), a
metaheuristic algorithm Differential Migration is used
(DM, Dlapa, 2009) due to shorter time needed for find-
ing global minimum than other algorithms of this type
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Table 1. DM parameters for the set of plants P;.

Parameter Value
Arbitrary Polynomial none
Min. Value of a 0
Max. Value of o 80
Number of Population 30
Jump Range [0.2,4]
Perturbation Constant 0.7
Max. Number of Migration Loops 90
Accepted Error 0
Cluster Distance 13

with final tune-up carried out by the Nelder-Mead
simplex method. Parameters of DM for each controlled
plant are in Tables 1- 3.

Final negated nominal feedback loop poles and
arbitrary elements of % obtained via global optimisa-
tion and direct search method are as follows:

Set of plants P;:

ar1 = 0.6207; a1, = 30.5718; a3 = 2.0358
a14 = 0.0793; a1,5 = 1.3709; a6 = 1.5665
Arbitrary element of . : T1(s) =0 (46)

Set of plants P:

az1 = 0.0482; 22 = 0.0591;0(2,3 = 0.5004

024 = 1.1622; 25 = 1.3631;0!2’6 = 1.4148
(47)

a7 = 1.7386

Arbitrary element of .7:T5(s) = 0

Set of plants P
a3 = 1.28;0(3,2 = 1.32;0!3,3 =1.18
a3 4 = 1.16;0(3,5 = 1.30;0!3’6 =0.10

8.8311s + 3.8037

(1.30 + 5)(0.10 + 5)
(48)

Arbitrary element of .: T3(s) =

Final controllers transfer functions corresponding
to negated nominal feedback loop poles and arbi-
trary polynomial obtained from global optimisa-
tion (46)-(48) and controllers obtained via the D-K
iteration using modified performance weights Wf n K
WffK and Wfl_K are:

Set of plants P;:
9.442s% +19.1s* + 11.82s + 3.29
K = 2 T2 T LARTIT 4)
$3 + 33.245% + 82.36s
_ (3455 + 488s% 4 2725 + 0.769) - 10~*
KP K@) =

s® + 0.974s% + 0.00292s + 1.02 - 10~
(50)

Set of plants P,:
KAGs) 0.0700s> + 0.1805s* + 0.1178s + 0.0028
S) =
2 $3 + 3.286s2 + 2.655s + 0.00079
(51)
(—32.85* 4 281s> + 474s>
—4
p-k, . +1185+0.856) - 10
s* + 0.658s° + 2.52s
+0.359s 4+ 1.97 - 1077
Set of plants P
4.225% + 22.55° + 28.65* — 0.5245>
4 —11s2 — 1.1s + 0.588
K3 () = —5 5 4 3
s+ 10.1s° + 43.7s* + 99.3s
+115s% 4+ 59.4s5 + 8.58
(53)
(—3.3055> + 44.345?

+10.565 4+ 0.103) - 1074

KP™K() = — - ) (54)

s> 4 0.238s% + 0.0271s
—1.46-10~8

The upper bound u plots in Figures 8-10 show
that both controllers have the supremum of the upper
bound u below one and the robust stability and perfor-
mance conditions in Corollary 3.1 are satisfied for all
controlled plants with the maximum values of upper
bound u:

sup 1" [F(Gy, K{)] = 0.488,
o

sup 14, [FL(G1, KT ™)) = 0.603,
o

sup ', [FL(G2, K3)] = 0.628,
o

sup 14, [FL(Ga, K3 ™)) = 0.644,
o

sup 153 [FL(G3, K3)] = 0.654,
o

sup 143 [FL(G3, K3 7)) = 0.563
o

where w € [0,00), AL, A2, A>C AC A a£1d Gi, Gy,

Gj3 correspond to the sets of plants P,, P,, P, respec-
tively, fitting into interconnections in Figures 1 and 2.

5.3. Factorisation for 2DOF feedback loop

The controllers for the 2DOF feedback loop [Fig-
ure 11(a,b) - algebraic x-synthesis and D-K iteration,
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Figure 10. The upper bound z-plot for the set of plants P3 with
the controllers obtained by the D-K iteration and algebraic u«-
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synthesis.

Table 2. DM parameters for the set of plants P,.

Parameter Value
Arbitrary Polynomial none
Min. Value of a 0
Max. Value of a 2
Number of Population 30
Jump Range [0.2, 4]
Perturbation Constant 0.7
Max. Number of Migration Loops 150
Accepted Error 0
Cluster Distance 1.25
Table 3. DM parameters for the set of plants Ps.

Parameter Value
Arbitrary Polynomial Degree 1
Min. Value of & 0
Max. Value of o 2
Min. Value of Arbitrary Parameters 0
Max. Value of Arbitrary Parameters 10
Number of Population 30
Jump Range [0.2,4]
Perturbation Constant 0.7
Max. Number of Migration Loops 100
Accepted Error 0
Cluster Distance 13

respectively] have the compensators (npa,,, dgay,
Ab-Kypp thprZ) defined as fractions of the factors
corresponding to the most stable zeros and all unsta-
ble poles of IDOF controllers K#* and KZ-D ~K_If there
are complex conjugate zeros not aligned with the poles
of the compensator, then the next most stable zero of
KlA or KZ-D_K is moved to MgAp OF nKiD—KZM, and if
there is no such zero, then the next least stable pole
A D-K .
of Ki* or K; is moved to dK;AZ or dKiD—Kz, so that

r nK,"‘FW(L,M}
dK;‘l
KALmy | = nK;‘z(L.M) l/t‘ y
> > >
dK,AI dkﬁz
(a)
ro nk,”’”FW(L.MI
>
dKD—Kl
> nK’n—K LM | = nK,’)’K 2LM) u y;
dk,””(l dk,””‘z
()

Figure 11. 2DOF feedback loop for P; € I3,-andi =1,2,3.

no single complex conjugate zero is in the numera-
tor of the compensator and equivalently in the feed-
back part of the controller. If there is no unstable
pole of KIA and KiD ~K then the most stable zero and
least stable pole is used as the initial step. If K or
KlD ~K has non-strictly proper transfer function and
degree of dKiA2 or dKiD—KZ is higher than the degree

of K or Kl-D K numerator then all zeros of KA or
KID ~K are moved to Mgcaap OF MgP-Kppp respectively.
Necessary condition for these steps is that no unsta-
ble pole of KIA and KI.D ~K'is omitted from dga, and
1
dyp-k, so that the internal stability of the 2DOF feed-
back loop is preserved. The feedback (nKiA1 Mo dKlAl,
l/lKiD—KlM, dKiD—Kl) and feed-forward part (”Kf‘FWM’
dKi 1> MKPKpyypp dKlD—Kl) are defined by the factors

corresponding to remaining zeros and poles of K#
D-K _ .
and K;” " with MRAFWM = MKALOM and NRD-Kpyyp =
I’lKiD—Kl)OM (ﬂKlAl)OM, HKID—KLOM being the coefficients
f - fz f i =1,
of nyay and ngp-ky ) of zero exponent of s and i
2,3).

In accordance with the procedure for the deriva-
tion of the 2DOF controller described in the previous
paragraph, Theorem 5.1 follows with necessary and
sufficient condition for the existence of 2DOF factori-

sation:
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r e n }(DOF u 2;
> d LDOF > P >
- K
d

Figure 12. 1DOF feedback loop.

Theorem 5.1: Define the 1DOF feedback loop as inter-
nally stable simple feedback loop in Figure 12, 1DOF
controller as transfer function nII<DOF (s)/ d}<DOF (s),
degree of niPOF as onlPOr and degree of diPOF as

odiPOY . Assume that the minimum degree of compen-

sator denominator (dd;; ) is equal to the number of
unstable 1DOF feedback controller poles. If there are
no unstable 1DOF controller poles, then 0d; ; = 1 pro-
vided the 1DOF controller has at least one real pole, else
od¢ .. = 2. If the 1DOF controller has zero order, then
od;;, = 0.

In the case of even 0dy,,, the 2DOF factorisation

exists and the 2DOF feedback loop is internally stable

if and only if 0d< . < adiPOF.
In the case of odd ad-, , 0dS, < onPr and

numerator of the IDOF controller does not have at
least one real zero, the 2DOF factorisation exists and
the 2DOF feedback loop is internally stable if and only if
adS . +1 < adLPOr,

min
In the case of odd 8dS,, 8d’,, < onPOF and
numerator of the IDOF controller has at least one real

zero or odd 0d° . and od-. > 8n11<DOF, the 2DOF

min min
factorisation exists and the 2DOF feedback loop is inter-
nally stable if and only if 9d°_ . < 0dLPOL.

in

Proof: Sufficiency:

od; ;,, is equal to the minimum number of poles in
the compensator for 2DOF feedback loop being inter-
nally stable provided all poles and zeroes are real or
od .. > ontPOF. Further, mixed real and conjugate
complex poles or zeroes cases will be discussed.

Even od; ; : Complex conjugate zeros do not affect
their inclusion in the compensator numerator.
Odd ad; ., od;;, < an}? OF and numerator of the
1DOF controller does not have at least one real zero.
The complex conjugate zeros cause the alignment of
poles and zeros to even number of poles and zeros
= the number of the compensator poles must be

increased by 1.

Odd od,,, od< ;< oniPOr

1DOF controller has at least one real zero or odd ody ;|
and 8d° . > oniPOF: Complex conjugate zeros do not

affect their inclusion in the compensator numerator

and numerator of the

since there is at least one real zero making possible
equality between poles and zeros moved into the com-
pensator or all zeros of the 1DOF controller can be
moved into the compensator.

Necessity:

All cases: If inequalities 0d<, < 0diP9F and
od . +1 < 0dPOF in a particular case do not hold,
then all poles and zeros would be in the compensator of
2DOF controller, hence, 2DOF and 1DOF would have

the same interconnection. [ |

Subscript M in numerators of 2DOF controllers
stands for ‘most stable’ zeros in a compensator. In this
paper, the least stable zeros (subscript L in numer-
ators of 2DOF controllers) in the compensator are
alternated with most stable ones and vice versa.

The necessary condition for the feedback part and
compensator is (i = 1, 2, 3):

KA — PrAvLMy  RA(LM)

b

l dyay - dga,
Ngb=Ky(r,my " "kP-Ko(,m
KID_K _ K7 LMy 7 2{LM} (55)
dKlD_Kl . dKlD—KZ
Set of plants P;:
MRpL 9.442s 4 7.397s + 2.655
dga,  s2+3324s+82.36
1
MRAFWL 2.655
diga, s>+ 3324s+ 82.36°
1
garr s+ 1.239
— = (56)
dKfz s
MKP-K1L  0.0345s2 + 0.0487s + 0.0271
dgp-x; — s2+0.9745+0.00292
MKPKEwL 0.0271
dgp-x; — s%+0.9745 +0.00292°
MgP-Ky; s+ 0.00284
Do, J; 51-10~7 57)
KP=K) s+3.51-

In this case, ngayy = fgarr Mgapwa = NicArwrs
Ngpam = Mggaps MP—Kom = MgP-Kyp Mgb-Kpwy =
Ngb=Kpwp> MgP—Kopr = Mgb-Kyp-



Set of plants P:

Mgp1L 0.06957s% 4 0.1788s + 0.1134
dga, s? 432865 +2.654
2
MRAFWL 0.1134
dga;  s2+3.286s +2.654°
2
ML s +0.0245 (58)
dga, s+ 0.0002988
2

—32.75s3 — 48.38s%
—11.71s — 0.08523

dgp-x; 87 +0.6583s> +2.5225 4 0.3587
1074,
NgD-Kpwr, —8.523-107°
dgp-xy & +0.6583s% + 2.5225 + 0.3587
NgD-Kyp s —10.04
? (59)
dKf_Kz s+ 5.486-10~7
Mgsim 0.06957s% + 0.08082s + 0.001938
dysy s + 3.286s + 2.654 ’
NgArwM 0.001938
dyas s? 4 3.286s + 2.654
Mgom s+ 1.433 (60)
dgsy s+ 0.0002988
—32.75s% + 319.1s
DK +99.47s + 0.7287
dgp-x;  s*+0.6583s> +2.5225 + 0.3587
1074,
MKD-Kpwm 7.287 -107°
dyp-r, s% +0.6583s2 + 2.5225 4 0.3587°
NgD=Kom s+ 1.175
kDK s+ 5.487 - 10
Set of plants Pj:
4.225° +21.7s* 4 24.35
MALL —5.255% — 9.965 + 3.03
sy °+9.87s" + 41557 + 89.945>
+94.865 + 38.02
MRAFwWL 3.03
dgsy 80 +9.87s" 4+ 41557 + 89.945>

+94.86s + 38.02
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Output - alg. approach nom. plant 1DOF
Control signal - alg. approach nom. plant 1DOF
= = = OQutput - D-K iteration nom. plant 1DOF

= = = Control signal - D-K iteration nom. plant 1DOF
Reference signal

100 150 200 250 300
Time

Figure 13. Simulation foI the simple feedback loop and nominal
plant of the set of plants P;.

| |

0.6

Output - alg. approach nom. plant 1DOF
Control signal - alg. approach nom. plant 1DOF
04 = = = Output - D-K iteration nom. plant 1DOF i
= = =Control signal - D-K iteration nom. plant 1DOF
Reference signal

0.2 b

-0.2

0 200 400 600 800 1000 1200 1400 1600
Time

Figure 14. Simulation fo~r the simple feedback loop and nominal
plant of the set of plants P;.

Ny A
dK3 2L S + 3;2461 62)
K42 s+ 0.
MgP-K1L  —33.1s% — 7.74s — 0.0753 10-5
dgp-x; — s*+0.2385 +0.0271 ’
MgPKpwr  =7.53-1077

dgp-xy s +0.2385+0.02717
MkPKar s —13.65 63)
dgp-x,  s—15.37-1077
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12F _ ; ==
N
1 S o
1 = 1
1
1
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I
1
0.6 H; 1
Output - alg. approach nom. plant 1DOF
| Control signal - alg. approach nom. plant 1DOF
0.4 ! — = —Output - D-K iteration nom. plant 1DOF .
= = =Control signal - D-K iteration nom. plant 1DOF

Reference signal

0.2 .
0 Y
02 1 L L L 1 L L 1
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Time

Figure 15. Simulation fo~r the simple feedback loop and nominal
plant of the set of plants Ps.

0.8

0.6

04F

Output - alg. approach nom. plant 2DOF
Control signal - alg. approach nom. plant 2DOF
= = =OQutput - D-K iteration nom. plant 2DOF

= = =Control signal - D-K iteration nom. plant 2DOF
Reference signal

0.2

0 50 100 150 200 250 300
Time

Figure 16. Simulation for the 2DOF feedback loop and nominal
plant of the set of plants P.

4225 + 8.11s* 4+ 0.808s> — 3.29s%

o +0.271s + 0.172
dyay s> +9.87s* + 41.55° 4 89.945°
+94.865 + 38.02
MREFWM 0.172
dgay 8+ 9.87s" +41.55° 4 89.945%
+94.86s + 38.02
Ngdom s+ 3.42
M _ st (64)
ng“z s+ 0.226
MgPb-Kiy  —33.15% + 4515 + 4.59 105

>

dyp-x, s2 +0.238s5 4+ 0.0271
3

1.4 T T T T T T T
12F —~ ——
.-
-,
v
1 P =
7
’
0.8 Vi ]
4
/
0.6 1 J
’ Output - alg. approach nom. plant 2DOF
! Control signal - alg. approach nom. plant 2DOF
04 = = =Output - D-K iteration nom. plant 2DOF b
1 = = =Control signal - D-K iteration nom. plant 2DOF
02 1 Reference signal i
1
1
0
02 L 1 1 1 1 L 1

0 200 400 600 800 1000 1200 1400 1600
Time

Figure 17. Simulation for te 2DOF feedback loop and nominal
plant of the set of plants P, — the least stable zeros in compensator.
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Figure 18. Simulation for the 2DOF feedback loop and nominal
plant of the set of plants P, — the most stable zeros in compen-
sator.

nKDKEwM 459107
dgp-rx; — s2+0.2385+0.0271°
MD-Kom s+ 0.224
- = . (65)
dK3D—K2 s—5.37-10"

5.4. Comparison study

All reference signals in the simulations are the refer-
ence signal r, all outputs are the output y and all control
signals are control signal u in Figures 3 and 11 for each
particular controller and set of plants.
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Figure 19. Simulation for the 2DOF feedback loop and nominal
plant of the set of plants P3 —the least stable zeros in compensator.
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! Reference signal
0.2 ! 1
1
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Figure 20. Simulation for the 2DOF feedback loop and nominal
plant of the set of plants P; — the most stable zeros in compen-
sator.

Simulations for nominal plants of the sets of plants
P,, P,, P; with respect to Figures 1 and 2 connected
in simple feedback loop (Figure 3) and 2DOF feedback
loop [Figure 11(a,b)] are in Figures 13-20. Simulations
for sets of plants I~’1, f’z, f’3 perturbed by the worst-
case perturbation (in the sense of the highest upper
bound ) in Figures 21-28 show that there is no sig-
nificant deterioration compared to the nominal plants.
For sets of plants P, and P3 and simple feedback loop,
there is an overshoot for the D-K iteration (see Fig-
ures 14 and 15) disappearing for 2DOF feedback loop
for the least and most stable zeros in compensator
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Output - alg. approach pert. plant 1DOF
Control signal - alg. approach pert. plant 1DOF L
= = = Qutput - D-K iteration pert. plant 1DOF

= = =Control signal - D-K iteration pert. plant 1DOF
Reference signal

0 50 100 150 200 250 300
Time

Figure 21. Simulation for the simple feedback loop and the
worst-case perturbation - set of plants Py.

Control signal - alg. approach pert. plant 1DOF
= = =Qutput - D-K iteration pert. plant 1DOF

0.4 = = =Control signal - D-K iteration pert. plant 1DOF -
Reference signal

1.4 T T T T T T T
n
1" A
12F
\ I
k~ - M
1 = v 1
I
1
0.8 -
1
0.6 (l Output - alg. approach pert. plant 1DOF ]
-
I

0 200 400 600 800 1000 1200 1400 1600
Time

Figure 22. Simulation for the simple feedback loop and the
worst-case perturbation - set of plants P;.

of 2DOF controller (see Figures 17-20). The alge-
braic x-synthesis has an overshoot for the set of plants
P, being resolved using the 2DOF feedback loop for
most stable zeros in the compensator of 2DOF con-
troller (Figure 18) but for least stable zeros of 2DOF
controller, there is an overshoot (Figure 17).

Figures 13-28 show that the algebraic approach
has faster set-point tracking than the D-K iteration
controller and zero steady-state error for all sets of
plants unlike the D-K iteration having non-zero steady
state error for the set of plants P; with no astatism in
nominal plant for the simple feedback loop and 2DOF
controller interconnection (Figures 13, 16, 21 and 24).
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Figure 23. Simulation for the simple feedback loop and the
worst-case perturbation — set of plants Ps.
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Figure 24. Simulation for the 2DOF feedback loop and the worst-
case perturbation - set of plants P.

The reference signal tracking of the algebraic approach
controller for the set of plants Pj is slightly faster if the
least stable zeros are in compensator compared to the
most stable ones, while the D-K iteration is not sen-
sitive from this point of view, i.e. comparison of these
two strategies (Figures 19, 20, 27 and 28).

Step responses for sets of plants Py, P,, P3 with peri-
odic changes of their parameters demonstrate how the
periodic changes of each parameter come out to the
input (see Figures 29-31). Simulations for sets of plants
P,, P,, P; with periodic changes of their parameters
in Figures 32-39 show that the stability is held for
both simple feedback loop and 2DOF feedback loop

1 4 T T T T T T T
12F e~
-
e
{\ ‘
1 / .
- - -
’
’
0.8 7 b
/
7
0.6 / 1
1
I Output - alg. approach pert. plant 2DOF
0.4 I Control signal - alg. approach pert. plant 2DOF T
1 = = =Output - D-K iteration pert. plant 2DOF

o2k 1 = = =Control signal - D-K iteration pert. plant 2DOF _

1 Reference signal

1

0

02 L 1 1 1 1 L 1

0 200 400 600 800 1000 1200 1400 1600
Time

Figure 25. Simulation for the 2DOF feedback loop and the worst-
case perturbation — set of plants P, — the least stable zeros in
compensator.
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Reference signal

02 L L L L L
0 200 400 600 800 1000 1200 1400 1600

Time

Figure 26. Simulation for the 2DOF feedback loop and the worst-
case perturbation - set of plants P, — the most stable zeros in
compensator.

(both strategies, i.e. the least and most stable zeros in
the compensator of the 2DOF controller). Suppression
of output oscillations is a bit higher for the algebraic
approach compared to the D-K iteration for the set
of plants P; (Figures 34, 38 and 39), whereas for the
sets of plants P, and P,, there is no significant differ-
ence between the algebraic approach and D-K iteration
from this point of view (Figures 32, 33 and 35-37).
Simulations with periodic changes of parameters
were carried out with the maximum time delays con-
sequent upon the plant definitions (23), (30), (37), i.e.
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Figure 27. Simulation for the 2DOF feedback loop and the worst-
case perturbation - set of plants P; — the least stable zeros in
compensator.
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Figure 28. Simulation for the 2DOF feedback loop and the worst-
case perturbation — set of plants P3 — most stable zeros in com-
pensator.

71 = 7 = 4 and 73 = 0.5, and the fact that the max-
imum value of the u-function does not increase its
value if the time delay varies in the predefined inter-
vals. So, the stability and performance do not deterio-
rate if the time delays are lower than their maximum
values defined by their intervals.

6. Conclusion

The paper showed how the two strategies of 2DOF
controller derivation, i.e. the least and most stable
zeros in the compensator of 2DOF controller, affect
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Figure 29. Step response for periodic changes of parameters and
set of plants P1.
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Figure 30. Step response for periodic changes of parameters and
set of plants P;.
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Figure 31. Step response for periodic changes of parameters and
set of plants Ps.
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Figure 32. Simulations for the simple feedback loop with peri-
odic changes — algebraic u-synthesis, D-K iteration and set of
plants Py.
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Figure 33. Simulations for the simple feedback loop with peri-
odic changes - algebraic x-synthesis, D-K iteration and set of
plants P,.

the controller behaviour in simulations with the sets
of plants of the third- and fourth-order with and with-
out astatism and oscillating set of plant with astatism,
as well as the benefits of the algebraic x-synthesis over
the D-K iteration as the reference method, namely
the controller structure can be chosen in advance and
performance weight can be defined by transfer func-
tions with astatism. The periodic changes of plant
parameters were illustrated by step response simula-
tions for each plant family. The feedback loop response
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---------- Output - D-K iteration 1DOF periodic

---------- Control signal - D-K iteration 1DOF periodic -

= = =Output - alg. approach 1DOF periodic

= = =Control signal - alg. approach 1DOF periodic| -
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Figure 34. Simulations for the simple feedback loop with peri-
odic changes — algebraic z-synthesis, D-K iteration and set of

plants Ps.
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Figure 35. Simulations for the 2DOF feedback loop with periodic
changes - algebraic u-synthesis, D-K iteration and set of plants P.

simulation demonstrated that, though the D-K iter-
ation acquired zero steady-state error for both con-
trolled plants with astatism, an overshoot, as draw-
back, appeared in the time response of simple feedback
loop, unlike the controller obtained using the alge-
braic approach having overshoot only for the 4th-order
non-oscillating plant with astatism being resolved by
the least stable zeros in the 2DOF feedback loop com-
pensator strategy to monotonous time response to
step-wise reference signal. For the oscillating plant
with astatism and the least and most stable zeros in
the compensator of 2DOF controller, small differences
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Figure 36. Simulations for the 2DOF feedback loop with period~ic
changes — algebraic u-synthesis, D-K iteration and set of plants P
— least stable zeros in compensator.
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Figure 37. Simulations for the 2DOF feedback loop with periodic
changes — algebraic u-synthesis, D-K iteration and set of plants P,
— most stable zeros in compensator.

appeared in the speed of set-point tracking of the alge-
braic p-synthesis, unlike the D-K iteration without
sensitivity to these two strategies of 2DOF controller
derivation.

The factorisation procedure of the simple feedback
loop to 2DOF interconnection for the algebraic u-
synthesis and the D-K iteration has been shown with
the necessary and sufficient condition for the existence
of 2DOF factorisation. The two strategies for 2DOF
controller derivation were verified by the simulation of
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Figure 38. Simulations for the 2DOF feedback loop with periodic
changes — algebraic u-synthesis, D-K iteration and set of plants P3
— the least stable zeros in compensator.
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Figure 39. Simulations for the 2DOF feedback loop with periodic
changes — algebraic u-synthesis, D-K iteration and set of plants P3
— the most stable zeros in compensator.

step response for three plant families comprising nom-
inal, perturbed by the worst-case perturbation and
periodic changes connected with the 2DOF controller.

The stability and performance is guaranteed for
the whole range of time delays as a consequence of
the structured singular value theory. So, only the max-
imum time delays are studied in simulations proving
the functionality of both methods, i.e. the D-K itera-
tion and algebraic u-synthesis, following from the fact
that the maximum upper bound of x-function is lower
than 1 with some margin, as shown in the u-plots for
each set of plant and the controller derivation method.
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The only disadvantage of the algebraic x-synthesis
is the use of the global optimisation algorithm for
the upper bound u optimisation causing long time
needed for obtaining a suitable controller and the fact
that the optimality of the controller is not guaran-
teed. However, a similar issue is present in the D-K
iteration causing non-optimality of the resulting D-K
iteration controller consequent upon approximation of
the scaling matrices D and D™! by transfer function
matrices D(s) and D~!(s) making the upper bound of
w-function as close to the actual value of x as possible.
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Appendix. Proof of Theorem 3.1
Let f > 0, f € R. Define perturbations 5£,55[ eR, 551 eC

e

1 1 1
0l < = 101 < 20 1yl < = i=01,..

; ; . ﬁ’ .,n (Al)
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Define perturbation matrix Ag :

(A 0 0
M=o af o (A2)
v
L 0 0 adel
b 0 o 0]
o & ... o
Al = K . (A3)
O 5
— ﬁ -
g 0 0
PR 0
Ay = ! (A4)
Lo 0o .- 5bﬂn_

Theorem A.1: Assume A’ZS defined by (A1), (A2), (A3), (A4),
then the loop in Figure 2 is well-posed, internally stable and

IEL[Eu(G, A)). Kl < 8 if and only if
sup u 34 [FL(G, K)(jw)] < (A5)

welR

with
~p 5ﬂ 0 B B ~ B
AV =10 sl < 4.6 eCE, AT CA.
0 A P

Proof: The proof with more general generalised plant G and
perturbation set A instead of Aﬁ is in Doyle et al. (1982) and

Packard and Doyle (1993). |

Proof of Theorem 3.1:

Proof: The proof follows from Theorem A.1 by defining § =
L. |
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